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This study dealt with the random behaviour of cement-admixed soil. In 
this thesis, an advanced constitutive model for cement-admixed soil was firstly 
incorporated in finite element program. Then the numerical model was 
recalibrated and validated using cell test results. Parametric studies were 
carried out to see how the each parameter may impact the result. This model 
was randomized by relating model parameters to unconfined compressive 
strength. The randomized model was then used in random finite element 
analysis of axially loaded cement-treated single column, laterally loaded 
cement-treated layer and tunnel with improved surround. 
The first stage of this study was to incorporate an advanced 
constitutive model describing the cement-admixed soil in finite element 
analysis. The theoretical background was introduced and equivalent stiffness 
matrix in FEA scenario was derived so that the method can be generalized to 
cope with complex boundary value problems. The classical log-linear form of 
unloading-recompression curve was modified by including the tensile strength 
to the mean effective stress. 
The second stage of this study involves recalibration and validation of 
this constitutive model in deterministic scenario. Model parameters were 
recalibrated using isotropic compression test and cohesion degradation data. 
Drained and undrained triaxial tests of five mix proportions were simulated 
using finite element method program GEOFEA 9.0. The numerical results 
were validated by the corresponding test results with cement content ranging 
from 10% to 50%. A series of parametric studies were carried out on each 
parameter, showing that many parameters were insensitive though they were 
likely to vary with mix ratio from a theoretical point of view. Three sensitive 
parameters (initial cohesion, primary yield stress and tensile strength) could 
generally capture the behaviour of cement-admixed soil when other 
parameters took averaged values. 
The third stage of this study aimed at investigating the effect of spatial 
variability on global behaviour of cement-admixed soil. To begin with, the 
constitutive model was randomized by relating sensitive model parameters to 
unconfined compressive strength. A three-dimensional random finite element 
 x 
 
analysis (effective stress analysis) with the randomized Xiao et al. (2016)’s 
model was then carried out to investigate the effect of spatial variability on the 
short-term (undrained) global behaviour of an axially-loaded cement treated 
single column. The result was compared with a total stress analysis result 
calculated with a Mohr-Coulomb model with zero angle of friction to 
investigate how the choice of constitutive model may affect the random result. 
Then an effective stress analysis on cement-treated layer consisting of 
more than 100 overlapping columns was investigated using Xiao et al., 
(2016)’s model. The result calculated with Xiao et al. (2016)’s model was 
compared with result of a total stress analysis calculated using Mohr Coulomb 
model with zero friction angle (Liu et al., 2015). In deterministic analysis, the 
effect of layout pattern, boundary condition, confining pressure and drainage 
condition are investigated. In random analysis, the effect of positioning error, 
input COV and drainage condition were investigated.  
Reliability-based design procedures were proposed based on the above 
random results to find representative design strength and modulus given target 
failure probability.  
A two-dimensional plane-strain model of a large-diameter tunnel with 
circular improved surroundings was numerically simulated to investigate the 
stability and deformation behaviour. A critical stability number considering 
the effect of geometrical dimensions and strength of improved surrounding 
was derived to characterize the critical state of the improved surround system. 
A two-dimensional random finite element analysis was then performed to 
investigate the discount effect of random spatial variability on the performance 
of tunnel with improved ring. Based on the random results, a two-step design 
procedure for hand calculation for both ultimate limit state and serviceability 
limit state was proposed to find the representative strength of a equivalent 
homogeneous improved surround. A three-dimensional model of tunnel with 
improved surround consisting of overlapping columns was simulated. In 
deterministic analysis, the effect of column spacing, column diameter and 
layout were examined. In random analysis, the effect of positioning error was 
investigated. Comparison of two-dimensional and three-dimensional results 
were conducted to see whether the correspondent two-dimensional random 
analysis result is conservative. 
 xi 
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Chapter 1 Introduction 
1.1 Overview 
Urban renewal of modern metropolitans usually involves construction 
of high rise buildings with deep basements and subway tunnels in the close 
vicinity of existing structures. In urban areas underlain by thick soft soil 
deposits, large deformations of ground may still occur even with strutting and 
stiff retaining wall and tunnel boring machines. In such situations, ground 
improvement using cement-admixture is often used to enhance soil support 
below formation level or around the tunnel to be excavated. Examples of the 
use of cement-treatment in underground construction includes Mihashi et al., 
1987; Tanaka, 1993; Uchiyama and Kamon; 1998; Dempsey and Moller, 1970; 
Nicolini and Nova, 2000. 
One way to form cement-treated ground is deep mixing. In this method, 
the cement is mixed into the existing soil by rotating blades. There are two 
classes of mixing methods, i.e. wet mixing and dry mixing. Wet mixing 
usually uses cement slurry in the admixture whereas dry mixing uses dry 
cement powder with additional water during mixing. Another way to introduce 
cement into ground is jet grouting, wherein the soil is cut and partially 
replaced by cement slurry. In this method, the mixing is achieved by high-
pressure grout or water jets. Whatever method is used, the mixing is 
commonly done in columnar fashion so that the treated ground mass 





1.2 Spatial variability of Cement-treated Soil 
It has been observed that, regardless of the method used to introduce 
cement into soil, the resulting admixture tends to be significantly non-uniform 
(e.g. Larsson et al., 2005a, 2005b; Chen et al., 2011; Namikawa and Koseki 
2013), both in terms of cement concentration and strength of the cement-
treated soil. This non-uniformity has significant implications in design and 
construction. Field data also indicate that the mobilized mass properties are 
often much more pessimistic than laboratory measured values for the given 
mix ratio (Shikauchi et al., 1993; Nakagawa et al., 1996) or the elemental 
properties obtained from the vertically cored samples (O’Rourke et al., 1998; 
Pickles and Henderson, 2005). This has been attributed to the non-uniformity 
in the treated soil (Kawasaki et al., 1984). 
However, in design and some previous studies, the cement-treated soil 
is still treated as either a homogeneous material (e.g. Goh, 2003; Zhang, 2004) 
or discrete soil layers. To account for the non-uniformity, a very low 
representative strength is often assumed for the equivalent homogeneous 
material. In underground construction work in Singapore, design guidelines 
issued by the Building and Construction Authority (BCA) and Land Transport 
Authority (LTA), the undrained shear strength of cement-treated marine clay 
is often taken to be about 350kPa. In reality, the average core (undrained shear) 
strength of specimens taken from the field is often much higher, in the region 
of 800kPa.  
More recently, Liu et al. (2015), using random finite element method 
on a cement-treated soil slab, proposed a statistically-based method of 





results show that it may be possible to justify a higher mass strength level for 
the slab as long as the positioning errors of the soil columns are controlled 
within certain limits. However, Liu et al. (2015) assumed that the treated soil 
mass behaves as a Mohr-coulomb material. To date, little is known about the 
constitutive behaviour of cement-treated soil. Whereas strength may be 
significant from the viewpoint of stability, the constitutive behaviour of the 
soil is more important in terms of displacement control. Hight et al. (2005) 
noted that “continuous JGP (Jet Grouting Pile) strut are…..extremely difficult 
to measure……Treating the material as a linear elastic perfectly plastic 
material, and ignoring its brittleness….is, in our opinion, naïve…..Research 
into their behaviour and modelling is required and safe design methods need to 
be developed”. In recent years, several constitutive models for cement-treated 
soil have been developed (e.g. Namikawa and Mihira, 2007; Horpibulsuk et al., 
2010; Suebsuk et al., 2011; Xiao, 2009). However, Namikawa and Mihira’s 
model was developed for cement-treated sand and most of the models were 
developed for low cement contents. Xiao et al. (2014) noted that, for cement-
treated clay with high cement content, the yield locus changes shape after 
initial yielding from a steep arch to a more rounded ellipse. Xiao et al. (2016) 
also proposed a “cohesive Cam Clay” model which is obtained by 
incorporating true cohesion into the work equation of the modified Cam Clay 
model. This allows the loss of cohesion during shear to affect the shape of the 
yield locus.  
To date, the behaviour of Xiao et al.’s (2016) model in a cement-





uniformity on the mass behaviour of soil based on such a model is completely 
unknown to date.  
1.3 Objectives 
In this study, the behaviour of cement-treated soil with spatial 
variability is examined using numerical analysis. The objective of this study is 
to use random finite element to study the mass behaviour of cement-treated 
ground using the model developed by Xiao and to assess the differences 
between the predictions of this model and the Mohr-Coulomb model, in a 
random material field. The study will be focused on tunneling and 
underground excavation scenarios.  
The strands of work described in this thesis are as follows,  
(1) Incorporation of Xiao’s model into a finite element code. For this 
study, the code used as a platform is GEOFEA.  
(2) Validation of Xiao’s model for cement-treated clay using triaxial 
test results. 
(3) Development of a random framework for Xiao model, based on 
the premise that the soil parameters of Xiao’s model are related 
ultimately to the unconfined compressive strength(UCS) of 
cement-admixed soil, which is widely adopted in RFEA studies of 
cement treated soil (Namikawa and Koseki, 2013; Namikawa, 
2014; Liu et al., 2015). 
(4) Application of the randomized Xiao’s model to practical 
engineering problems such as single column, treated slab and 





Random finite element analysis (RFEA) on some simple problems to 
study the effect of spatial variability on the mobilized shear strength of cement 
treated soil. 
1.4 Layout of the Thesis 
In Chapter 2, a detailed literature review is provided to lead to the 
necessity of this study. In Chapter 3, a new constitutive model based on Xiao 
et al.’s work (2016) is established in FEM scenario and the internal 
relationships among the model parameters are derived. Chapter 4 serves as 
calibration and validation. Important compression parameters are first 
calibrated using raw data (Xiao 2009). Then the stress paths, stress-strain 
behaviours calculated from FEA are then compared with triaxial test results 
obtained by Xiao (2009). Parametric studies are also carried out to explore the 
sensitivity of each parameter. Chapter 5 involves the application of the 
constitutive model in RFEA. The model parameters are firstly randomized. A 
three-dimensional random field is generated using existing method and then 
RFEA is performed to simulate a uniaxial compression behaviour of single 
column. The statistical result is compared with original Mohr-Coulomb result 
and Namikawa & Koseki (2013) to serve as a verification. The reduction 
factors due to spatial variability are then provided for both ultimate state 
design and serviceability limit state design. In Chapter 6, a three-dimensional 
cement-treated slab with columnar structure is simulated to investigate the 
effect of spatial variability on global behaviour of treated slab. The effect of 
positioning error is carefully examined. The results are compared with Liu et 
al., (2015)’s result with a modified Mohr-Coulomb type model to see how the 





study of tunnel with improved surrounding when spatial variability is 
considered. The two-dimensional plane strain condition is firstly studied to see 
how the random spatial variability can reduced the performance of improved 
surrounds from homogeneous treated ground. Then a three-dimensional tunnel 
is simulated to see how the result would vary when three-dimensional 






Chapter 2 Literature Review 
2.1 Introduction 
This chapter presents a review about previous works on spatial 
variability of cement-treated soils. The constitutive models that describe 
behaviours of cement-treated soil are first summarized. Then works relating to 
the variability of cement-treated soil are reviewed and some common 
statistical characteristics are identified. This is followed by a review of 
existing methods of random field generation. Random finite element method 
and its applications in geotechnical field are then discussed in detail. Recent 
work on tunneling with improved soil surround is also reviewed. The chapter 
ends with outstanding issues that motivate the scope of this study. 
2.2 Constitutive Model for Cement-treated Soil 
2.2.1 Common Features of Cement-treated Soils 
There are several well-recognized features of cement-treated soils or 
other structured soils, that is 
(1) Cemented soils are generally stiffer and stronger than 
corresponding remoulded soils (Lee et al., 2004), as shown in Fig. 2.1. The 
extra stiffness and strength are mainly contributed by chemical bonds among 
soil particles and stabilizing agent. 
(2) The void ratio of structured soils is generally higher than that of 
corresponding unstructured soils, as shown in Fig. 2.2. The extra void ratio 
was recognized as effect of structure or bond (Gens and Nova, 1993; Liu and 
Carter, 1999; Wang and Wei, 1996). The void ratio difference between 






(3) Test specimens exhibit elastic behaviour initially. When loaded to a 
certain threshold, these specimens generate irrecoverable strains. 
(4) Strain softening can be observed in some cement-treated soil 
specimens (Horpibulsuk, 2010; Srinivasa, 1988, 1991; Xiao et al., 2014) and 
the failures are sometimes brittle. 
(5) Yield loci for cement-treated soil undergo an evolution in shape 
from a steep arch to a more rounded ellipse as yielding takes place (Xiao, 
2014). This evolution is more evident at higher cement content and was 
attributed to the loss of cementation due to straining. 
2.2.2 Existing constitutive models for naturally or artificially cemented 
soils 
Many constitutive models are proposed to describe observed behaviour 
of structured soils. A summary of constitutive models for cement treated soils 
and other structured soils are given in Table 2.1. Two main approaches are 
commonly used, i.e. expanded structure surface method and superposition 
method. 
(1) Expanded structure surface method 
To capture additional strength contributed by structure effect, an 
enlarged yield locus is often used. The ratio of size of the structured yield 
locus to its unstructured counterpart depends on the amount of structure. In 
some of these models, the structured yield locus and its unstructured 
counterpart share the same Origin (e.g. Wood, 1995; Asaoka et al., 2000; Liu 
and Carter, 2002; Baudet et al., 2004).  
Other models include cohesion to consider the effect of structure (Gens 





Rouania and Wood, 2000; Lee et al., 2004; Liu et al., 2006; Horpibulsuk et al., 
2009, 2010; Suebsuk, 2010, 2011). An intuitive way to introduce shear 
strength into model from existing model for remoulded soils is to initially left-
shift yield locus. This effectively introduces a cohesion intercept into the 
model.  
(2) Superposition method 
Another approach which has been used for structured soil is the 
superposition approach (Shen 1993; Chazallon and Hicher, 1995; 1998; Yu et 
al., 1998; Vatsala et al., 2001). In this approach, the strength (sometimes 
stiffness) of the structured soil is assumed to consist of two parts, i.e. the 
strength of uncemented soil skeleton (contributing friction) and strength of 
bonds (cementation). Philosophically, there is a parallel mechanism working 
together with that of unstructured soil. The main difference between method of 
expanding yield locus and superposition method is that the former incorporate 
cementation (if any) and friction into one model while the latter model 
cementation and friction separately.  
 (3) Other approaches 
Other approaches can also be found to model behaviours of cement 
treated soils (e.g. Adachi and Oka, 1995; Namikawa and Mihira, 2007; Haeri 
and Hamidi, 2009;  Hamidi and Ravanbakhsh, 2013 , Obermayr et al., 2013). 
Adachi and Oka (1995) introduced stress history tensor and cohesion to model 
the strain softening behaviour of soft rock. Constitutive models for cement 
treated sand were also developed (e.g. Namikawa and Mihira, 2007; Haeri and 





Coulomb criterion and no compression cap was used. Obermayr el al. (2013) 
built a bonded-particle model for cemented sand which was used in DEM. 
2.2.3 Xiao et al’s  (2016) model for cement-treated Singapore marine clay 
Xiao et al., (2016) proposed a constitutive model based on a range of 
drained and undrained triaxial tests on cement-admixed Singapore marine clay 
with cement content ranging from 5% to 50%. This wide range is 
advantageous when spatial variability is considered, i.e. the cement content 
may be high in some parts while low in other parts in treated ground. In Xiao 
et al. (2016)’s model, the remoulded cement-admixed clay was assumed to 
behave as a modified Cam Clay, with an elliptical yield locus. This was 
consistent with the observations on remoulded cement-admixed clay.  
An important feature of Xiao et al.’s (2016) model is its energy basis. 
The yield locus (also plastic potential) was derived from a flow rule, which is 
modified from that of the Cam Clay model (Roscoe and Burland 1968) by the 
inclusion of energy dissipation by the cementation or cohesion. This modified 
energy dissipation function reduces to that of the Cam Clay model (Roscoe 
and Burland 1968) when the true cohesion decreases to zero, thereby allowing 
the yield locus (Fig. 2.3) to evolve from a steep arch to a rounded ellipse. The 
latter was also postulated to decrease as proportionally with the work done 
against structure. The gradual variation of property from an untreated clay 
(true cohesion is close to zero) to a highly-cemented material (true cohesion is 
very high) makes it possible to simulate a wide spectrum of treated soils (from 
barely treated to highly treated). This also makes the Xiao et al.(2016)’s model 





In this study, Xiao’s model (Xiao et al., 2016) is selected as the 
constitutive model in this study. More details about this model will be 
discussed in Chapter 3. 
2.3 Spatial Variability of Deep Mixed Ground 
Significant non-uniformity and spatial variability exists in cement-
admixed ground (Larsson et al., 2005a, 2005b; Chen et al., 2011). Chen et al. 
(2011) reported that the unconfined compressive strength of cement treated 
soil ranges from 700 kPa to about 5 MPa in the deep-mixing works for the 
Marina Bay Financial Centre in Singapore. Sakai et al. (1994) also reported a 
general radial distribution trend of strength in the column. 
2.3.1 Deterministic Trend 
Using field data from dry-mixed lime column, Larsson (2001) noted 
that the lime distribution varies in the radial direction with a majority of the 
cases suggesting a higher strength at column center than the periphery, Figs. 
2.4 to 2.7. On the other hand, only 7 out of 36 cases show a higher calcium 
oxide (CaO) content at the center than at the outer layer. In this study, three 
sample sizes were used (small, medium and large size). It was observed that 
all of these 7 cases discussed above were obtained from small samples while 
the medium size and large samples all showed a higher concentration of CaO 
in the center than in periphery. The difference in trend obtained from three 
mesh sizes may be because the small samples has larger COV than larger 
samples (local averaging effect decrease with sample size) and it may deviate 
from the real trend more than larger samples. Therefore, when discrepancy 
occurs among small and large samples, the trend predicted by large samples 





and cement slurry mixing. In the former, the mixing is between solid phases. 
In the latter, it is between liquid phases and factors such as density differences 
may play a bigger role because the viscosity of fluid is significantly less than 
solid mass. 
Krizek (1982) investigated the variation of both strength and modulus 
with distance from injection pipe for jet grouting. A clear reduction in both 
strength and modulus can be observed when the distance from pipe increases 
(Fig. 2.8). 
Kawasaki et al. (1984) conducted a series of direct shear test on cored 
samples from deep mixed columns. As shown in Fig. 2.9, the samples cored 
from column center were generally stronger than those from outer layers. 
However, to date, the deterministic trend in spatial variation in deep-mixed 
and jet-grouted columns is still not well-characterized even though there 
appears to be a common notion that the centre of a column is likely to be 
stronger than the periphery. Yang (2009) on the other hand, found an outer-
stiffer case for jet-grouting (Fig. 2.10). 
2.3.2 Random Variation 
Random spatial variation of cement-treated ground mass and the 
factors affecting it are well-documented (e.g. Honjo, 1982; Kawasaki et al., 
1983, 1984; Tang et al., 2001; Larsson et al., 2005 a, b; Lee et al., 2006; 
Bergman, 2012; Chen, 2011, 2012; Al-Naqshabandy and Larsson, 2013; Chen 
et al., 2015). The three generally used statistical characteristics of cement-
treated soil are mean, coefficient of variation (COV) and autocorrelation 
length.  







     (2.1) 
where σ is the standard deviation of a point while µ is the mean value.  
The autocorrelation length defines the distance within which there is 
some statistical correlation in the studied property. In physical terms, this may 
be due to the sizes of soil lumps and zones where mixing has not been uniform. 
Vanmarcke (1977) defined the autocorrelation length as 
𝜃 = 2∫ 𝜌(𝑟)d𝑟∞0      (2.2) 
where 𝜌(𝑟) is the correlation function and 𝑟 is the distance from the 
reference point.  
The statistical characteristics of properties of cement-treated soil are 
summarized in Liu et al., (2015) and further updated in Table 2.2. 
Larsson et al., (2005a & b) conducted analysis of variance (ANOVA) 
to investigate the influence of installation factors on spatial variability of lime-
cement columns. Important factors such as blade number, blade rotation speed 
and retrieval rate were identified and correlation structures of the lime-cement 
columns were proposed. The results show that installation factors can 
significantly influence the correlation structure of horizontal variability. 
However, the measured radial autocorrelation length was relatively short, 
being less than 50cm in dry lime-cement mixed columns, although vertical 
correlation length is more variable.  
On the other hand, Larsson and Nilsson (2009), using cone 
penetrometer tests in dry lime-cement columns, reported a autocorrelation 
distance of 0.9 to 1.8 m; this is significantly larger than that reported by 





In addition, the autocorrelation length in different directions may be 
different. Al-Naqshabandy and Larsson (2013) reported that the 
autocorrelation length of undrained shear strength is 0.4 m in vertical direction 
and 2.5m in horizontal direction. Bergman et al. (2012) further examined the 
spatial variability of lime-cement treated columns based on cone penetration 
test. Thirty cone penetration tests were performed and results are statistically 
analyzed. The results show that the vertical and horizontal auto-correlation 
length are 0.2 to 0.7m and 2 to 3m, respectively. 
Honjo (1982), using field data from wet DM projects, showed that the 
strength of treated ground by the deep mixing method (DMM) varied vary 
from about 1000 to 6000 kPa, with a coefficient of variation (COV) ranging 
from 0.21 to 0.40. The vertical autocorrelation distance for undrained shear 
strength ranges from 0.4m to 4m.  Navin and Filz (2005) reported horizontal 
correlation distance of about 12 m for wet DM whereas that for dry DM is less 
than the column spacing.   
Kawasaki et al. (1984) reported a COV of 0.25 to 0.35 for direct shear 
strength of deep mixing columns, as shown in Fig. 2.11. Namikawa and 
Koseki (2012, 2013) obtained statistical results from cored samples from 
cement-treated columns and reported that the COV of the unconfined 
compressive strength of cement-treated clay ranges from 0.2 to 0.4, as shown 
in Fig. 2.13. 
Tang et al. (2001) evaluated the spatial strength variability using field 
data from Cone Penetration Test. The results show that coefficient of variance 
(COV) of qu ranges from 0.24 to 0.55. Chen et al. (2011), using field data 





Nicoll Highway MRT Station (NCHS) also showed significant variation in the 
unconfined compressive strength. The probability distribution of the 
unconfined compression strength in the MBFC project follows a 
“conventional” pattern, varying from about 700kPa to about 5000 kPa. On the 
other hand, the probability distribution in the NCHS project shows a much 
larger proportion of samples having unconfined compressive strength at the 
upper end of the distribution (Fig. 2.12). This can be attributed to the fact that, 
in NCHS, a Ras-Jet method is used which combines deep-mixing with jet 
grouting. In Ras-jet, grout is jetted out using high pressure from the tips of the 
cutting blades. This is likely to be able to treat the periphery much better than 
normal jet grouting or deep mixing, Fig. 2.10. This shows that spatial variation 
in treated-mass properties is likely to be strongly influenced by the procedure 
used. 
Lee et al. (2006) conducted centrifuge tests (50g) to investigate the 
mixing mechanism of wet mixed cement-treated columns. Dimensional 
analysis indicates the need to reduce the viscosity of the binder liquid if the 
mixing process is to be properly modelled. For this reason, heavy zinc chloride 
liquid which has the same density as cement slurry but is much less viscous, is 
used to represent cement slurry. This is because density has more pronounced 
effect on result than viscosity. Nevertheless, less viscosity may lead to a 
slightly more homogeneous mixing, reducing the COV of binder concentration 
with the same rotation number. The COV of binder concentration was found 
to be between 0.28 and 0.60. Chen (2012), using a similar approach, also 





The foregoing discussion suggests that the there is significant spatial 
random variation in deep-mixed ground mass. This random variation appears 
to be have strong directional properties, at least in respect of their 
autocorrelation length. However, as Table 2.2 shows, autocorrelation length 
appears to vary widely. This suggests that the statistical properties of the 
variation is strongly influenced by the method and medium used for admixture.  
Larsson et al.’s (2005 a b) measured only variation within single 
columns, that is intra-column variation. On the other hand, Larsson and 
Nilsson (2009) and Naqshabandy and Larsson (2013) measured variation 
between different columns, or inter-column variation. Intra- and inter-column 
variations are likely to be influenced by different factors. One can surmise that 
intra-column fluctuation is probably a quality-of-mixing issue and depends on 
the mixing parameters.  On the other hand, inter-column variation may arise 
due to factors such as variability in-situ soil conditions and workmanship.  
However, much remains unknown about the causes of these variations and 
how they should be characterized.   
2.4 Modelling Heterogeneity of Cement-treated Soils 
There are mainly four approaches to model heterogeneity of cement-
treated soil, i.e. probabilistic evaluation method, random numerical limit 
analysis, deterministic finite element analysis and random finite element 
analysis. 
2.4.1 Probabilistic Evaluation Method 
Many scholars performed probabilistic studies on soils (e.g. Honjo, 
1982; Matsuo, 2002; Futaki and Tamura, 2002; Omine et al., 2005). Honjo 





of cement-treated soil mass based on a statistical study of field data. The 
design strength was expressed as, 
𝑄d = 𝛽𝑞m      (2.3) 
in which 𝑄d is the design strength; 𝛽 is the reduction factor and 𝑞m the 
mean strength of cement-treated soil. The suggested values of 𝛽 range from 
0.5 to 0.7. This study offered a practical design value for strength of cement-
treated soils. However, as a strength analysis, this study provided no 
information on stiffness and deformation. Moreover, effect of spatial 
correlations of the probabilistic evaluation approaches cannot be as exactly 
modelled as in RFEA (Namikawa and Koseki, 2013). 
2.4.2 Numerical Limit Analysis 
Kasama et al. (2010, 2011 & 2012) performed numerical limit analysis 
to investigate the stability of cement-treated ground with spatial variability. 
The undrained shear strength of cement-treated soils was assumed to be 
lognormally distributed and random field was generated using a Cholesky 
decomposition technique. Then lower and upper bound numerical limit 
analyses were performed to obtain a solution domain that brackets the true 
solution. However, in this 2D plane-strain analysis, the treated area was 
simplified as a block. There are two drawbacks in using this simplification in 
the 2D analysis. Firstly, in a 2D analysis, the out-of-plane autocorrelation 
length is implicitly assumed to be infinite, which is not realistic. Secondly, 2D 
analysis cannot realistically model the columnar structure of the treated mass 
nor the intervening untreated space which may exist between contiguous 
columns. In addition, this analysis is essentially a stability analysis which is 





2.4.3 Deterministic Finite Element Method 
Early finite element analyses on cement-treated ground generally 
simplify cement-treated zone as a homogeneous layer (e.g. Yong et al., 1998; 
Wong et al., 1998; Goh, 2003). The heterogeneity of cement-treated ground 
has been investigated using deterministic analysis by Yang (2009) who 
considered a unit cell of the treated mass, which consisted of the treated 
column and the untreated intervening space. The heterogeneity of the column 
itself was modeled by dividing the column into two concentric zones with 
identical cross-section area. Yang (2009) assumed different variations in 
property between the inner and outer zones. The property inside each zone 
was considered to be homogeneous, Fig. 2.14. The analysis was conducted 
using ABAQUS with the Mohr-Coulomb model. There are two drawbacks in 
Yang’s (2009) study. Firstly, as noted by Hight et al. (2004) and demonstrated 
by Xiao (2009), the Mohr-Coulomb model cannot fully describe the behaviour 
of cement-admixed soil (Hight et al. 2004). Secondly, the heterogeneity of 
cement-treated soils cannot be adequately modeled by a two-layer 
deterministic profile because real distribution of properties of cement-treated 
soils has significant randomness. This is not accounted for. 
More recently, Jamsawang et al. (2015) investigated the lateral 
movement and factor of safety of slope with DCM stabilized column rows. In 
this study, the DCM rows are modeled as a homogeneous block with the 
Mohr-Coulomb criterion. The Method B [use effective stress stiffness 
parameter (E’) and total stress strength parameter (cu)] with zero friction angle 
and effective stiffness parameters are adopted. The strength was adopted as the 
average value of UCS of the cored samples. However, by treating DCM zones 





readily modeled. Furthermore, as noted in Liu et al., (2015), the average 
global stiffness and global strength of cement treated ground are both 
significantly lower than average values obtained from cored samples due to 
random spatial variability. This cannot be readily modeled in deterministic 
analysis. 
2.4.4 Random Finite Element Method 
Random finite element analysis (RFEA) has been used to analyze 
heterogeneous soil (e.g. Griffiths and Fenton 1993, 2007; Namikawa et al., 
2013). There are broadly three steps to perform a RFEA.  
Step 1 The statistical properties of the ground in question is first 
characterized.  
Step 2 A random field with the required statistical properties is then 
generated. This usually involves assigning random properties to each element 
or integration point. Finite element analysis (FEA) is then conducted on each 
realization. 
Step 3 The random analysis is repeated for a sufficient number of 
random realizations and a statistical spread of the results obtained. 
One important advantage of RFEA is that, the finite element analysis 
follows the standard procedure and is therefore able to accommodate different 
constitutive models, at least in principle. 
2.5 Random Finite Element Analysis 
2.5.1 Probabilistic Distribution of Random Field for Cement-treated Soils 
A commonly used distribution to characterize the random field is the 
Gaussian distribution (e.g. sett et al., 2011; Suchomel and Masin, 2010, 2011; 





determined once the first two moments are prescribed. However, many soil 
properties, such as modulus and strength, cannot assume negative values. In 
such cases, the Gaussian distribution needs to be modified, e.g. by truncating 
the negative portion of the distribution (e.g. Namikawa and Koseki. 2013).  
Another distribution which has been used to capture non-negative 
property fields is the lognormal distribution (e.g. Griffths et al., 2013; Griffiths 
and Fenton, 2009; Haldar and Basu, 2013). For cases with positively skewed 
probability distribution, lognormal field may be good enough. However, in 
such cases where the distribution is negatively skewed, lognormal field may 
not be the best choice. Also the lognormal distribution requires the property 
minima to be zero; this is not always the case in cement-treated soil. 
The Beta distribution (Harr 1977) has also been used. Liu et al., (2015) 
evaluated the fitting effect of different distributions on histograms of binder 
concentration and concluded that beta distribution is more versatile than 
lognormal and normal distribution.  
2.5.2 Methods for Generation of Random Field 
Random finite element analysis involves generation of property field 
and generation method of random field is reviewed in this section. The 
commonly used methods of random field generation are as follows, 
(1) Spectral Representation Method (SRM) 
SRM is popular because of its robustness and versatility. It can be used 
to generate stationary (Shinozuka et al., 1991, 1996; Soong and Grigoriu, 
1993;) or non-stationary (Liang et al., 2007), Gaussian or non-Gaussian 
(Yamazaki and Shinozuka, 1988; Deodatis et al., 1998) random fields. 





functions introduces periodicity into the autocorrelation structure. This issue 
can be mitigated by using fixed frequencies instead (Grigoriu, 2002). However, 
this increases the computation effort. SRM also suffers from high calculation 
expense in summating all the cosines (Shinozuka et al., 1991, 1996). The 
calculation expense may be reduced by Fast Fourier Transformation approach 
(Shinozuka et al., 1996). However, the generated result becomes discrete 
instead of being continuous. In FEA where finite element integration points do 
not coincide with random field grid, approximations are still needed to assign 
proper random properties to each integration point. This may introduce some 
errors and extra calculation expense. 
(2) Karhunen–Loève (K-L) expansion  
The K-L expansion can be used to generate stationary and non-
stationary, Gaussian and non-Gaussian fields (Huang et al. 2002; Phoon et al. 
2002; Phoon et al. 2005). This method involves computing the eigenvalue and 
eigenfunction of the covariance function. The eigenvalue and eigenfunction 
can be obtained by solving a Fredholm integral of the second kind. This 
method offers a unified framework for generating Gaussian or non-Gaussian, 
stationary or non-stationary random fields. The method is also efficient if an 
analytical solution exists. However, in most cases where only numerical 
integration is available, the eigenfunction is usually approximated by a series 
of selected basis functions to make the integration more tractable. This will 
again introduce truncation errors. To minimize the error as well as reduce 
calculation efforts, the Galerkin method and wavelet-Galerkin method are 
implemented in solving Fredholm Integral (Phoon, et al., 2002). However, this 





(3) Local Average Subdivision Method 
The Local Average Subdivision Method was proposed by Fenton and 
Vanmarke (1990). This method was efficient but difficult to use. It also suffers 
from a systematic bias. 
(4) Linear Estimation method 
In the original Linear Estimation Method (Liu, 1986), the random 
variable is calculated via 
𝑓(𝒙) = � N𝑖(𝒙)∞𝑛=1 . 𝑓𝑖,𝑘     (2.4) 
Where f(x) is the random field variable to be generated, N𝑖(𝒙) is the 
shape function for element k ( Zienkiewicz, 2000), 𝑓𝑖,𝑘 is the value of random 
variable at the i th node of the k th element in random field and all the 𝑓𝑖,𝑘s are 
independent and identically distributed (i.i.d.) random variables. This method 
can generate random fields that are stationary in mean but non-stationary in 
variance. 
Based on the Linear Estimation Method, Liu et al.(2014) proposed a 
Modified Linear Estimation Method using (MLEM) given by 
𝑓(𝒙) = � �N𝑖(𝒙)∞
𝑛=1
.𝑓𝑖,𝑘     (2.5) 
The difference between Linear Estimation Method and Modified 
Linear Estimation Method is that the later adopts �Ni(x) as coefficients. Since fi,k are i.i.d. values, the mean and variance of the generated value are both 
stationary. 
So far, this method is able to generate n-dimensional m-variate 
weakly-stationary Gaussian random fields in which the random variables can 





it can only generate random field with squared exponential autocorrelation 
structure. 
Liu et al, (2014) used the MLEM to generate random fields with 
columnar structure with different autocorrelation lengths along radial and 
orthogonal directions. Liu et al., (2014) also showed it to be computationally 
more efficient than SRM in generating Gaussian fields, as shown in Fig. 2.15. 
This opens up the possibility for usage in generating large three-dimensional 
random without periodicity in an efficient manner. In RFEA in Chapter 5, the 
SRM was used because the model was small (approximately 6,000 linear 
strain tetrahedron elements) and one of the aims of Chapter 5 was to validate 
the model. In Chapter 6, as the mesh size of the slab problem was very large 
(approximately 16,000 linear strain brick elements), the MLEM was used. 
2.5.3 Previous Random Finite Element Studies in Geotechnical 
Engineering 
The effectiveness of RFEA is mainly controlled by three factors, that is, 
number of dimensions, number of independent (or cross-correlated) random 
variables and constitutive models of soil. To obtain a spectrum of 
representative results, the Monte Carlo simulation is adopted. To render the 
computations tractable, some assumptions are often made. These include the 
assumption of plane strain (e.g. Paice, 1996; Nour et al., 2002; Fenton and 
Griffiths, 2002; Popescu et al., 2005), single-variant (e.g. Paice, 1996; Fenton 
and Griffiths, 2002; Namikawa et al., 2013) and linear elasticity (e.g Righetti 
et al., 1988, Fenton et al., 2002, Griffiths et al. 2009).  
Most previous RFEA studies in geotechnical engineering involve two 





2002; Griffiths and Fenton, 2000, 2004 Popescu et al., 2005; Griffiths et al., 
2011; Haldar and Basu, 2013). Griffiths and Fenton (2004) performed a 2D 
RFEA to investigate the failure probability of an infinitely long slope. This 
was a total stress analysis and the undrained shear strength of soil was 
assumed to be a lognormally distributed random variable. The RFEA results 
were compared with simple probabilistic analysis and the latter was found to 
possibly generate unconservative estimates of failure probability of slope. 
Two-dimension plane strain analysis assumes that the in-plane 
autocorrelation length to be infinitely long which is unrealistic. Three 
dimensional (3D) RFEA potentially allows a much greater degree of realism 
to be obtained. To date, relatively few 3-dimensional RFEA have been 
reported (e.g. Griffiths et al., 2014; Fenton and Griffiths, 2005; Namikawa et 
al., 2013; Liu, 2013). Most of them involve only one random variable. 
Griffiths et al. (2014) investigated the failure probability of a slope using both 
2D and 3D RFEA. In this analysis, the undrained shear strength of the soil was 
considered to be random. He noted that the 2D RFEA underestimate the 
failure probability of slope, compared to its 3D counterpart. This underscores 
the importance of considering the random variation in the third dimension.  
The majority of RFEA studies to date involves only one random 
variable (e.g. Paice, 1996; Fenton and Griffiths, 2002; Popescu et al., 2005; 
Haldar and Basu, 2013). For instance, in Paice’s (1996) study to investigate 
the influence of spatial variability on settlement of strip footing, only the 
Young’s modulus was randomly varied. Other parameters such as Poisson’s 
ratio and density were assumed to be constant. Namikawa et al. (2013) 





treated column. Only the unconfined compressive strength was treated as a 
random variable. The other parameters were assumed to be functions of this 
variable. 
Fenton and Griffiths (2003), used a two-dimensional analyses of the 
bearing capacity of soil with spatially varying cohesion and friction angle, 
which were assumed to be independent. Nour et al. (2002) also investigated 
the influence of randomness of both Young’s modulus and Poisson’s ratio on 
foundation settlement using two-dimensional analyses. In Nour et al.’s study, 
the Young’s modulus and Poisson’s ratio were coupled through cross-
correlation. More recently, Liu et al. (2015) investigated the behaviour of 
cement-treated column with spatially varying elastic modulus and unconfined 
compressive strength (UCS), coupled by cross-correlation.  
Most studies to date used simple constitutive models, such as elastic 
(e.g Righetti et al., 1988, Fenton et al., 2002, Griffiths et al. 2009) or elastic-
perfectly plastic models (e.g Srivastava et al., 2009, Fenton et al., 2003, Sett, 
el al., 2011, Liu et al. 2015). This is probably motivated by the desire to keep 
the number of parameters manageable. Only a few studies used more 
advanced models (e.g. Andrade et al., 2007; Suchomel and Masin, 2011) in 
RFEA. However, these studies generally deal with natural soil, not cement-
treated columns. Suchomel and Masin (2011) used a hypoplastic model to 
investigate the behaviour of a strip footing resting on sand deposit while 
Andrade et al. (2007) used a elasto-plastic model for granular material to study 
the influence of random porosity on the strength and shear band formation in a 





2.5.4 Studies on Cement-treated Soils Considering Random Spatial 
Variability  
Studies on the effect of random spatial variation in cement-treated soil 
mass have been relatively scarce. Namikawa and Koseki (2013) conducted 
three-dimensional analyses to study the effects of spatial correlation on the 
compressive behaviour of a single cement-treated sand column. The random 
variable used is unconfined compressive strength. The other parameters are 
assumed to be either fully correlated to the unconfined compression strength 
or constant. The spatial variability of the strength was obtained from core test 
data from cement-treated columns. The stochastic field was generated using a 
linear-system theory (Bendat and Piersol 1971). Namikawa (2015) later 
developed a conditional simulation of strength of cement-treated column. The 
random field can be generated with existing cored samples. Namikawa (2015) 
reported that the existing cored samples can help narrow the result spectrum 
with conditional simulation of random field. 
Namikawa and Mihira’s (2007) constitutive model was an elasto-
plastic model modified from the Mohr-Coulomb criterion. The material was 
assumed to be drained and the model was validated using drained test results. 
Undrained condition was not examined although undrained behaviour of 
cement-treated sand has been studied by other researchers (e.g. Gao and Zhao, 
2011; Haeri and Hamidi, 2009). Owing to lack of experimental data, 7 out of 
12 parameters were assumed to be constant.  
The distribution of unconfined compressive strength was assumed to 
be Gaussian. Negative strength values are truncated. The random field used in 
this study was not actually columnar in structure, but was instead mapped 





field, which often have different autocorrelation lengths along the radial and 
circumferential direction. As noted by Larsson et al. (2005), this is a 
significant property of the random field of improved soil columns. 
Liu et al., (2015) conducted three-dimensional random finite element 
analyses to simulate cement-treated marine clay layers such as those 
commonly used to stabilize soft clay in deep excavation works, Fig. 2.16. The 
Modified Linear Estimation Method was used to generate columnar random 
fields with different autocorrelation length along radial and orthogonal 
directions. The random parameters considered include spatial variability of 
cement-treated soils and random positioning of treated column. Liu et al.’s 
study (2015) was limited to total stress analysis with zero angle of friction. 
The strength parameter used is the undrained shear strength which was taken 
to be half of the unconfined compressive strength. 
There is a scarce of studies related to the effect of spatial variability on 
behaviour of tunnel. Song et al., (2011) investigated the effect of spatial 
variability on deep buried tunnel in weathered rock using FLAC 2D. The 
Mohr-Coulomb type model and Hoek-Brown model are employed to simulate 
the weathered rock. Truncated normal distribution is generated to simulate the 
random distribution of rock strength and modulus. It was found that the spatial 
variability of the elastic modulus led to larger average inward displacement 
towards the excavated zone compared to the deterministic result involving a 
uniform material. However, there are two major difference between Song et al., 
(2011) and the scenario in Singapore. 1) the strength (about 50 MPa of UCS) 
used in Song et al., (2011) are much larger than cement-admixed Singapore 





being deeply buried in weathered rock in Song et al., (2011) while the tunnel 
in Singapore are mostly shallow tunnel in soft soil deposit.  
2.6 Tunneling with an Improved Soil Surround 
Many researchers(e.g. Broms and Bennermark, 1967; Davis et al. 1980; 
Casarin and Mair, 1981; Kimura and Mair, 1981; Sloan and Assadi 1993; Wu 
et al. 1998; Lee et al., 2006; Osman et al. 2006; Osman 2010;Yamamoto et al. 
2011) studied the stability of unsupported and unstabilized tunnel. Broms and 
Bennermark (1967) conducted extrusion and intrusion test for soft clays in 1-g 
scenario (Fig. 2.17). The stability number is defined as: 
𝑁 = 𝛾(𝐶+0.5𝐷)+𝜎s−𝜎T
𝑐u
     (2.6) 
Where C- depth of tunnel crown, 
𝛾- bulk density of soil, 
D- inner diameter of tunnel, 
𝜎𝑠- surcharge at the surface of ground, 
𝜎T- support pressure at the springline level of tunnel, 
𝑐u- undrained shear strength of surrounding soil. 
Kimura and Mair, (1981) conducted a series of 100-g centrifuge test to 
better replicate the prototype stress conditions (Fig. 2.18). In this study, an 
unsupported segment with a length of P beyond installed liner is specially 
designed to investigate its effect on stability of tunnel. This allows engineers 
to evaluate the stability of tunnel with different unsupported lengths beyond 
installed liner. The results show that the stability basically increase with cut-
to-diameter ratio (C/D) and decreases with unsupported-length-to-diameter 
ratio (P/D). When P/D reduces to zero, the results agree well with those of 





To date, many 2D (e.g. Davis et al. 1980; Caporaletti et al., 2009) or 
3D (e.g. Casarin & Mair, 1981) failure mechanisms were proposed to describe 
the stability behaviour of unsupported and unstabilized tunnels. However, very 
few studies involve tunnels with improved surroundings and most of them 
focused on field test or installation effects (e.g. Dempsey and Moller 1970; 
Nicolini and Nova, 2000). The stability of stabilized tunnel was not 
investigated in these studies. Although studies on lined tunnel may shed some 
light on the stability of tunnels with improved surroundings, there are two 
major differences between the two. 1) Improved surroundings are installed 
ahead of excavation while linings can only be installed after excavation. 2) In 
analytical studies of lined tunnels (Bobet 2001), the thickness of liner was 
assumed to be much less than diameter of tunnel. However, the thickness of 
improved ring cannot be neglected when compared to inner diameter of tunnel 
(Zulkefli, 2015). 3) The strength of the lining, which is a permanent structure 
constructed of reinforced concrete, is very high; the lining being designed to 
withstand the full geostatic pressure from the soil. There are very few cases of 
lining failures. In contrast, the improved soil surround is typically a temporary 
support without any reinforcement. The failure mechanisms of these two can 
be very different. These differences may hinder the application of existing 
theories of lined tunnel to tunnel with improved surroundings. 
More recently, Zulkefli (2015) conducted a series of 1-g tests and 100-
g centrifuge tests to investigate the plane-strain behaviour of tunnel with 
improved surroundings (Fig. 2.19). In this study, the improved soil 
surrounding was assumed to be a circular annular structure. The tunnel was 





surrounding clays). The rubber bag was connected with a standpipe which 
controls the hydraulic pressure inside the bag. The excavation was modeled by 
reducing the pressure inside the rubber bag. The inner diameter of the tunnel 
ranged from 5.5 m to 7.5 m in prototype and the thickness ranges from 3 m to 
5 m in prototype. In Zulkefli (2015), the “support pressure” is used to quantify 
the inner pressure that resist the displacement of excavated ground. It was 
found that when the support pressure at springline level drops to a certain level, 
the earth pressure decreases abruptly.. This marks the onset of brittle collapse 
of the improved soil surround. The springline-level support pressure at which 
the sudden collapse occurs was denoted as the critical support pressure. Eight 
100-g tests with different strength, dimension of improved surrounding were 
carried out.  
Deterministic plane strain FEA were also carried out to interpolate the 
other conditions which were not covered in the centrifuge tests. A stability 
chart was plotted and different failure modes were summarized. Zulkefli (2015) 
also carried out a plane strain random analysis. The results showed that 
existence of random spatial variability of cement treated soil increases the 
critical support pressure and as the input COV increases, the critical support 
pressure increases.  
However, there are two drawbacks in Zulkefli’s (2015) study. 1) The 
improved soil surround was modeled as a Mohr-Coulomb type model. As 
discussed earlier, the elasto-perfect plastic model may not be suitable for 
modeling brittle material like cement treated soil. 2) The random analysis was 
simplified as a plane strain problem. That is based on the assumption that the 





may not be realistic. 3) The ground improvement is done using deep mixing 
method. Therefore, the improved ring should be in columnar fashion. 
However, this cannot be readily modeled in a plane strain scenario. 
2.7 Outstanding Issues 
2.7.1 Outstanding Issues 
The foregoing discussion highlighted several outstanding issues on 
random finite analysis of cement-treated soil. 
(1)There is a scarcity of published works on cement treated soil with 
advanced constitutive model tailored for cement treated soil. The 
overwhelming majority of published works used relatively simple elasto-
plastic models (e.g. Yang, 2009; Kasama and Whittle, 2012; Liu et al., 2015), 
especially Mohr-Coulomb criterion. For original Mohr-Coulomb model, the 
softening cannot be readily considered. Even if the softening is considered by 
reducing cohesion (Liu et al., 2015), the cohesion reduction rate was based on 
assumption and it was not validated by a wide range of cement-treated soils. In 
contrast, Xiao et al.,(2016)’s model was validated by triaxial tests with a wide 
range of cement content. This wide range is very advantageous when spatial 
variability is considered, i.e. some parts have higher cement content while 
other parts have lower cement content. Moreover, Xiao et al. (2016)’s model 
is an effective stress model while the one used in Liu et al. (2015) was a total 
stress analysis. In this regard, the Xiao et al. (2016)’s model can be applied to 
drained analysis, undrained analysis or even fully-coupled analysis with the 






(2) There have been relatively few studies on the use of RFEA to 
investigate large three-dimensional problems. 
2.7.2 Scope of the current work 
This objective of this study is to investigate the behaviour of cement-
treated soils considering spatial variability, with emphasis on the use of 
cement-treated soils as large-diameter tunnel surrounds in soft clay conditions.  
The scope of the study covers the following strands of work: 
(a) Implementation of Xiao et al.’s (2016) model as an appropriate 
constitutive model for cement-treated soft clay. 
(b) Incorporation of Xiao et al., (2016)’s model into a random finite 
element analysis framework. Since Xiao’s model involves several 
parameters, multi-variate RFEA will be needed. 
(c) Conducting random finite element analyses on validation problems 
including axially-loaded single column, slab problem (for comparison 
with Liu’s results) and large-diameter tunnel surrounds. 
(d) Based on the random results of the studies, infer guidelines on the 
choice of representative material parameters of design of slabs and 






Table 2.1 Existing Models for Structured Soils 
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with plastic strain 
Asaoka et al., 
(2010) 
Structure related to 
size of yield locus 
Liu et al. 
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sand Aw 10% 
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For very low 
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Table 2.2 Statistical characteristics of cement-admixed soils (Source: Liu et al., 2015) 
References Mixing method Test 
Mean 
Value COV 
Scale of fluctuation (m) 
Vertical Horizontal 















compressive test - 0.22-0.27   
Navin(2005) Wet method Unconfined compressive test 
0.8-5.0 
MPa 0.34-0.79 - Approximate 24.0 
Larsson et 




- <0.60 - Radial:<0.13 Orthogonal:<0.32 
Larsson et 
al.(2009) Dry method 
Cone 
penetration test - 0.20-0.60 - 1.8-3.6 
Chen et 




















-. Unconfined compressive test 1.7 MPa 0.2-0.4 - - 
Bruce et al., 




MPa 0.34-0.79   
Chen et al., 
(2015) Wet method 
Binder 
concentration 29% 0.19 - - 




- 0.37-0.47 - - 
Notes: *The concept “auto-correlation distance” was used in some literature, which was 
converted to “scale of fluctuation” in this table. **Data were different phases of Marina 











Fig. 2.1 Stress strain relationship with the breaking of bonding effect (after 
Lee et al, 2004) 
 







Fig. 2.3 Typical yield locus of Xiao’s model (source: Xiao et al., 2016) 
 
Fig. 2.4 Chemical analysis of the samples from column A1: (a) small size; (b) 






Fig. 2.5 Chemical analysis of the samples from column A2: (a) small size; (b) 
medium size; and (c) large size (Source: Larsson, 2001) 
 
Fig. 2.6 Chemical analysis of the samples from column B1: (a) small size; (b) 






Fig. 2.7 Chemical analysis of the samples from column B2: (a) small size; (b) 
medium size; and (c) large size (Source: Larsson, 2001) 
 
Fig. 2.8 Variation of strength and modulus with distance from injection pipe 






Fig. 2.9 Strength variation in the radial direction of the soil-cement columns 
(Kawasaki et al., 1984) 
 
 
Fig. 2.10 Tyipical unconfined compressive strength profile of soil-cement 













Fig. 2.12 Histogram of field strength ratio (Chen, 2012) 
 
Fig. 2.13 Profile of unconfined compressive strength qu of cored samples 






Fig. 2.14 Analogy of heterogeneity of cement-treated columns (a) inner-stiffer 




(a)                                                              (b) 
Fig. 2.15 Efficiency comparisons among SRM, FFT and MLE method by 
using (a) two-dimensional problem (b) three-dimensional problem. Computing 
time is normalized by that of MLE method. (The summation terms used in 









Fig. 2.16 Contour of unconfined compressive strength to illustrate directions 










Fig. 2.18 Setup of centrifuge test in Kimura and Mair, (1981) 
 
 
Fig. 2.19 Layout of centrifuge test of tunnel with improved surroundings 







Chapter 3 Finite Element Implementation of 
Constitutive Model 
3.1 Introduction 
Xiao et al. (2016) implemented his model in the form of a relation 
between mean effective-deviator stresses and volumetric-generalized shear 
strains, using Excel spreadsheet. This form of stress-strain relation is 
unsuitable for finite element computation which requires a stress-strain matrix 
relating the six stress components to the six strain components. This stress-
strain matrix is derived in this chapter. The procedure adopted for the updating 
of the hardening and softening parameters which are peculiar to this model, is 
then described. Finally, the procedure which was implemented to related 
model behaviour to mix ratio is described. 
3.2 Components of Xiao et al.’s (2016) Constitutive Model 
3.2.1 Basic Definitions of Quantities 
(1) Stress and Strain Components 
























     (3.2) 
in which d𝜎𝑖𝑖′ and d𝜀𝑖𝑖 are components of effective stress increment 
and strain increment in Cartesian coordinate system.  
The mean effective stresses 𝑝′ and deviator stress 𝑞 are given by, 
𝑝′ = 𝜎11′ + 𝜎22′ + 𝜎33′      (3.3) 
𝑞 = �(𝜎11′ − 𝜎22′ )2 + (𝜎22′ − 𝜎33′ )2 + (𝜎33′ − 𝜎11′ )2 + 3(𝜎12′2 + 𝜎23′2 + 𝜎31′2)(3.4) 
The volumetric strain 𝜀v  and deviator strain 𝜀s  are expressed as, 
𝜀v = 𝜀11 + 𝜀22 + 𝜀33    (3.5) 
𝜀s  = √23 �(𝜀11 − 𝜀22)2 + (𝜀22 − 𝜀33)2 + (𝜀33 − 𝜀11)2 + 6(𝜀122 + 𝜀232 +
𝜀31
2 )�0.5 (3.6) 
(2) General Formulations of Stiffness Matrix in Elastic and Plastic 
Scenarios 






































  (3.7) 
in which 𝐾′ and 𝐺 are effective bulk modulus and shear modulus, 
respectively. Expressions of 𝐾′ and 𝐺 depend on selected constitutive model 
and will be discussed later. 





d?⃗?′ = �𝐷ep�d𝜀     (3.8) 
where d?⃗?  is stress increment tensor, d𝜀  the strain increment tensor, 
𝐷ep R the equivalent stiffness matrix. The equivalent stiffness matrix is given by 
Zienkiewicz (1977), 
�𝐷ep� = {𝐷e} �{𝐼} − 𝑎�⃗ 𝑏�⃗ T{𝐷e}𝑏�⃗ T{𝐷e}𝑎�⃗ −𝑐T{𝐻}𝑎�⃗ �   (3.9) 
where {𝐷e} is the 6 × 6 elastic stiffness matrix, as mentioned earlier; {𝐼} the identity matrix; ?⃗? and 𝑏�⃗  are the vectors of directional derivatives of the 





































































   (3.10) 
The vector 𝑐  is the vector of directional derivatives of the yield locus 















    (3.11) 
in which ℎ1, ℎ2 …. ℎ𝑛 are the hardening (or softening) parameters. If 





3.2.2 Xiao et al.’s (2016) Constitutive model 
The energy equation of Xiao et al.’s (2016) constitutive model is 
modified from MCC (Roscoe and Burland 1968): 
𝑝′d𝜀vp + qd𝜀sp = �(𝐶 + 𝑀𝑝′)2d𝜀sp2 + 𝑝′2d𝜀vp2   (3.12) 
in which d𝜀vp and d𝜀sp are plastic volumetric strain and plastic shear 
strain increment ( “p” for plastic), respectively; M the friction coefficient and 
C the true cohesion, which quantifies the cementation. When C = 0, this work 
equation reduces to that of modified Cam Clay model (Roscoe and Burland 
1968). Since the structure of cement-treated soil is expected to decrease with 
increasing plastic strain one would surmise that C would eventually reach 0 in 
a completely remoulded state.  
Associated flow rule is assumed in this model and the yield locus 
(hence plastic potential by associated flow rule) can be shown to be given by  
𝑓 = 𝑞2 − 𝑀2𝑝′�𝑝′0 − 𝑝′� − 2𝑀𝐶𝑝′ ln �𝑝′0𝑝′ � − 𝐶2𝑝′0 �𝑝′0 − 𝑝′� = 0 (3.13) 
where 𝑝′0 is the preconsolidation pressure. The shape of yield locus 
(Fig. 3.1(a)(b)) The effect of cementation is represented by two components, 
the first being a higher value of the pre-consolidation pressure of the cement-
treated soil compared to its remoulded counterpart and the second being the 
cohesion. The first component is quantified by a stress sensitivity S defined by 
(Xiao and Lee 2014) (Fig. 3.2). 
𝑆 = 𝑝0′
𝑝0r
′     (3.14) 
where 𝑝0′  and 𝑝0r′  are mean effective stress on structured compression 
curve and reconstituted compression curve, respectively. In isotropic 





It is obvious that this equation reduces to that of Modified Cam Clay 
model (Roscoe and Burland 1968) if 𝐶 = 0. In the plastic regime, the model 
allows the cement-treated soil to harden (as a result of densification) and 
soften (as a result of the loss of cementation) at the same time. Hardening can 
be represented by the increase in the pre-consolidation pressure, as prescribed 
in the isotropic compression curve. Softening is physically related to the loss 
of cementation of the cement-treated soil. Numerically, softening is modelled 
by a decrease in the size of the yield locus and the true cohesion C, which 
allow the yield locus to evolve from a steep arch to a more rounded ellipse. In 
the model, the true cohesion is related empirically to the sensitivity (Xiao et al., 
2016). Initial values of 𝐶 and 𝑝′0 are denoted as 𝐶0 and 𝑝
′
py. They are 
actually closely related to curing conditions in Section 3.3. All the parameters 
required in the model are listed in Table 3.1. 
3.2.3 Derivation of Stiffness matrix 
To perform a non-linear elasto-plastic analysis, the incremental tangent 
stiffness approach is used (Nayak and Zienkiewiez 1972). The incremental 
stress-strain matrix Dep is obtained from the elastic stress-strain matrix De 
using Eq. 3.9. The bulk and shear moduli for the elastic stress-strain matrix De 
are evaluated using 
𝐾′ = 𝑝′𝑉
𝜅s
    (3.15) 
𝐺 = 𝐾′ 3(1−2𝑎′)
2(1+𝑎′)    (3.16) 
in which 𝑉, 𝑣′ and 𝜅s are the specific volume (𝑉 = 1 + 𝑒,
𝑒 is void ratio), effective Poisson’s ratio and gradient of recompression line 





not considered in the current model as there is insufficient data to shed light on 
this aspect. 
As expressed in Eq. 3.10, calculation of 𝑏�⃗  involves partial 
differentiation of yield function to each stress components. They can be 
















 are denoted as 𝑅1 and 𝑅2 for convenience. 
𝑅1 = 𝜕𝜕𝜕𝑝′ = −𝑀2�𝑝′0 − 2𝑝′� − 2𝑀𝐶 �ln �𝑝′0𝑝′ � − 1� + 𝐶2𝑝′0 (3.18) 









(𝑖 = 𝑗)(𝑖 ≠ 𝑗)    (3.21) 
Therefore,  


































  (3.22) 
𝑐 involves partial differentiation of yield function to hardening 
(softening) parameters. In this model, 𝑝′0 and 𝐶 are used as the hardening and 
softening parameters, respectively.  
𝑐 = � 𝜕𝜕𝜕𝑝′0
𝜕𝜕
𝜕𝐶









 are denoted as 𝑅3 and 𝑅4 for convenience. 
𝑅3 = 𝜕𝜕𝜕𝑝′0 = −𝑀2𝑝′ − 2𝑀𝐶 𝑝′𝑝′0 − 𝐶2𝑝′𝑝′02   (3.24) 
𝑅4 = 𝜕𝜕𝜕𝐶 = −2𝑀𝑝′ ln �𝑝′0𝑝′ � − 2C𝑝′0 �𝑝′0 − 𝑝′�  (3.25) 
In this model, two hardening parameters are involved, that is, 𝑝′0 and 
𝐶, as discussed above. To obtain 𝑐T{𝐻}?⃗?, the hardening law (derived from 
isotropic compression law) and degradation of true cohesion are required. 
3.2.4 Isotropic Compression Law 
In most existing constitutive models (Horpibulsuk et al., 2010, 2011; 
Suebulsuk et al., 2011), isotropic compression law is basically a fitting 
relationship. However, Xiao and Lee (2014) proposed an isotropic 
compression law based on the assumption that degradation rate is proportional 
to work done against structure of cement-admixed soil.  
This compression relationship is similar to that of structured soil (Liu 
and Carter, 2002) and cemented soil (Horpibulsuk et al., 2010; Suebulsuk et 
al., 2010, 2011) in that the compression curve of cement-admixed soil is 
described with respect to a relatively stable reference state, such as a 
reconstituted state (Burland, 1990). However, the reference state in this 
relationship is measured from reconstituted cement-admixed clay instead of 
reconstituted clay. This is reasonable because the stabilizer introduced into the 
clay can change the mineralogy of the mixture, which is closely related to 
compression behaviour of reconstituted cement-admixture. The isotropic 
compression curves of intact cement-admixed clay (structured) and its 





structured compression curve approaches its reconstituted counterpart as the 
mean effective stress increases.  
The NCL of reconstituted cement-admixed clay is 
𝑣 = 𝑣𝑟 − 𝜆𝑟 ln 𝑝0r′ = 𝑣𝑟 + 𝜆𝑟 ln S − 𝜆𝑟 ln 𝑝0′   (3.26) 
where the distance of the two curves in this relationship is described by 
stress sensitivity S, (Cotechia & Chandler 2000).  
The volumetric strain can be written as, 
𝑑𝜀v





′     (3.27) 
The plastic work done against structure is given by,  d𝑊𝑠p = 𝑝0𝑠′ �− 𝜆r𝑉𝑉 𝑑𝑆 + 𝜆r−𝜅s𝑉𝑝0′ 𝑑𝑝0′ �    (3.28) 
where, 𝑝0𝑠′ = 𝑝0′ − 𝑝0r′ . Usage of 𝑝0𝑠′  is to exclude the plastic work of 
reconstituted part. 
This new relationship (Xiao and Lee, 2014) is physically more 
reasonable than the classical e-ln(p’) relationship and the theoretical result 
matches test result remarkably well (Fig. 3.3). 
The loss of cementation is defined by p’0rdS which is assumed to be 
proportional to the plastic work done against structure per unit volume of soil 
solid, d𝑤𝑠p hereafter termed specific plastic work, that is 
 𝑝0r′ d𝑆 = −𝛼d𝑤𝑠p    (3.29) 
The specific plastic work done is related to the plastic work done per 
unit volume of soil dWsP by d𝑤𝑠p = d𝑊𝑠p1
𝑣





3.2.5 Hardening Law 
The hardening law can be derived from isotropic compression law. 









′     (3.31) 
Substituting Eq. 3.31 into Eq. 3.27 gives  d𝑝′0 = 𝑉𝑝′0 �𝑉(1−𝛼𝜆r)+𝛼𝜆r𝑉(𝜆r−𝜅s) �  d𝜀vp   (3.32) 
However, Eq. 3.31 to 3.32 applies to isotropic compression condition. 
In a more general condition where deviator stress exists, the plastic work done 
against structure is contributed by both mean effective stress and deviator 
stress. To account for this, the plastic work done against structure is 
generalized to  
d𝑊𝑠p = 𝑝′ 𝑑𝜀vp + 𝑞𝑑𝜀sp − ��𝑝u′ 𝑑𝜀vp�2 + �𝑀u 𝑝u′ 𝑑𝜀sp�2 (3.33) 
where 𝑝𝑟′  is the mean effective stress of reconstituted cement-admixed 
soil. It is assumed that 𝑝u′ = 𝑝′𝑉 . The �𝑝′ 𝑑𝜀vp + 𝑞𝑑𝜀sp� part is the total plastic 
work while the ��𝑝u′ 𝑑𝜀v
p�
2 + �𝑀u 𝑝u′ 𝑑𝜀sp�2 part is the plastic work of 
Modified Cam Clay in critical state, which is herein used as a reference state.  
Combining Eq. 3.29, 3-30 and 3.33 gives  




p + 𝑞𝑑𝜀sp − ��𝑝u′ 𝑑𝜀vp�2 + �𝑀u 𝑝u′ 𝑑𝜀sp�2� (3.34) 
From Eq. 3.26, the plastic volumetric strain can also be written as,  d𝜀vp = 𝜆r𝑉𝑝0r′ d𝑝0r′ − 𝜅s𝑉𝑝0′ d𝑝0′     (3.35) 





Combining Eq. 3.34 to 3.36 gives  
d𝑝0′ = − 𝛼𝜆r𝑉𝜆r−𝜅s �𝑝′ 𝑑𝜀vp + 𝑞𝑑𝜀sp − ��𝑝u′ 𝑑𝜀vp�2 + �𝑀u 𝑝u′ 𝑑𝜀sp�2� + 𝑉𝑝0′𝜆r−𝜅s 𝑑𝜀vp
 (3.37) 
In isotropic compression condition, q=0 and 𝑑𝜀s
p=0. Then Eq. 3.37 
reduces to Eq. 3.32. 
Setting 𝑑𝜀s




p = �𝑝0′ − 𝛼𝜆r𝑝′ (𝑉−1)𝑉 �  𝑉𝜆r−𝜅s = 𝑅5   (3.38) 
Similarly, setting 𝑑𝜀v




p = −𝛼𝜆r �𝑞 − 𝑀u 𝑝′𝑉 � 𝑉𝜆r−𝜅s = 𝑅9   (3.39) 
𝑅5 and 𝑅9 are two hardening parameters with respect to plastic 
volumetric strain and plastic deviatoric strain.  
3.2.6 Cohesion Degradation 
As mentioned earlier, the true cohesion decreases as cementation is 
lost from the cement-treated soil. By correlating the evolution of the yield 
locus to the stress sensitivity, Xiao et al. (2016) proposed that the degradation 







      (3.40) 
in which and 𝛽 is a fitting parameter, the fitting effect is shown in Fig. 
3.4; 𝐶i is the initial cohesion and 𝑆i the initial sensitivity. As mentioned above, 
evaluation of parameters will be discussed in Section 3.3 





















      (3.41) 
𝜕𝐶
𝜕𝜀v
p = 𝜕𝐶𝜕𝑉 𝜕𝑉𝜕𝜀vp      (3.42) 
𝜕𝐶
𝜕𝜀s
p = 𝜕𝐶𝜕𝑉 𝜕𝑉𝜕𝜀sp      (3.43) 
 
Similar to 3.2.5, the changes in S due to plastic strains 
increment are give by 
𝜕𝑉
𝜕𝜀v
p = − 𝛼𝑉𝑝0r′ �𝑝′ − 𝑝′𝑉 �     (3.44) 
𝜕𝑉
𝜕𝜀s
p = −𝛼𝑉𝑝′𝑝0′ (𝑆 − 1)     (3.45) 
Substituting Eqs. 3.41 and 3.44 into Eq. 3.42 gives 
𝜕𝐶
𝜕𝜀v




p = −𝛼𝑉𝑝′𝛽𝐶𝑝0′ �𝑆𝑆𝑝′−𝑀u𝑉−1 � = 𝑅7   (3.47) 
 
Combining Eqs. 3.44 to 3.47 gives 
dℎ�⃗ = �d𝑝′0 d𝐶 � = �𝑅5 𝑅9𝑅6 𝑅7� �𝑑𝜀vp𝑑𝜀sp�   (3.48) 
In view of the associated flow assumption, the plastic strain increment 




p = 𝑅1𝑅2      (3.49) 
Therefore,  






This is similar to Xiao et al., (2016). To sum up, all the short form of 
intermediate variables (𝑅1,𝑅2, … … ) are listed in Table 3.2. With ?⃗?, 𝑏�⃗ , 𝑐 and 
𝑐T{𝐻}?⃗? and {𝐷e} known, the equivalent stiffness matrix �𝐷ep� can be 
calculated. 
3.2.7 Isotropic Compression Behaviour at Low Confining Pressure 
The original formulation of Xiao’s model (2016) assumes that the 
isotropic compression curve follows the classic log-linear formulation. 
However, this log-linear formulation is developed for cohesionless soil which 
has no strength or stiffness at zero mean effective stress. When p’ is close to 
zero, the bulk modulus becomes zero. That is counterintuitive for cement-
admixed soil which possesses considerable strength and stiffness under zero 
confining pressure. A close look at the low-stress compression behaviour of 
cement-admixed soil reveals that all the curves bend towards specific volume 
axis as p’ approaches zero (Fig. 3.5). In improved ground of tunneling and 
underground construction, the improved soil may be subjected to low or even 
negative (i.e. tensile) effective stresses at localized regions such as the crown 
or roof of the tunnel. To overcome the drawback of using log-linear 
formulation, Pan et al., (2016) proposed a modified formulation which add an 
augmentation to the mean effective stress. The low-stress isotropic 
compression curve can thus be written as,  
𝑉 = 𝑣S − 𝜅 ln(𝑝′ + 𝜎t )    (3.51) 
where 𝜎t  is the tensile strength and 𝜅 is the gradient of low-stress 
compression curve. The virtue of this new formulation is that it gives a 





𝐾′ = (𝑝′+𝜎t )𝑉
𝜅
     (3.52) 
With the initial bulk modulus, the linearity of low-stress isotropic 
compression behaviour has been improved (Fig. 3.6). 
In this study, Pan et al.’s (2016) added stress framework is used to 
define the swelling line and index. To accommodate this framework, Xiao et 
al.’s (2016) yield locus is extended linearly into the negative mean effective 
stress range to intercept the p’-axis at -σt, where σ t is the tensile strength, Fig. 
3.7. This is similar to the added concept used by Suebsuk et al. (2010, 2011. 
The main difference between this framework and that of Suebsuk et al. (2010, 
2011) is that added stress is specifically defined herein as the tensile strength, 
whereas it is taken to be a fitted parameter in Suebsuk et al.’s (2010， 2011) 
model. As will be discussed in Section 4, the recalibrated initial true cohesion 
(different from what is shown in Eq. 3.56) is about 0.36 times qu and the 
tensile strength is about 0.13 times qu (Pan et al., 2016). Therefore, the yield 
locus in negative mean effective stress is approximately line with gradient of 3. 
This is consistent with the notion of tension cut-off line.  
To account for the gradual transition from “elastic stage” to “plastic 
stage”, Xiao et al., (2016) used a bounding surface concept (e.g. Dafalias and 
Popov 1976, Dafalias, 1986). The bounding surface can describe a “grey” area 
(as shown in Fig. 3.8) where the behaviour is between elastic and plastic stage. 
It allows irreversible strains to occur inside the bounding surface and this 
enables a smooth transition from “steady” elastic stage to “steady” plastic 
stage. However, this concept is not readily coded since it requires much more 
efforts to maintain the stability of computation. The gradual transition makes it 





(e.g. Cecconi et al., 1998; Rotta et al., 2003). Rotta et al., (2003) used the 
definition of “primary yield stress” which corresponds to the commencement 
of cement bond breakage. The point is determined when the initial stiffness 
starts to reduced. Rotta et al., (2003)’s primary yield stress was also adopted in 
Xiao et al. (2014)’s analysis of compressional behaviour of cement-admixed 
Singapore marine clay. The primary yield stress is generally smaller compared 
to the intersection method used in Xiao et al., (2016). This is not surprising 
since the former marks the start of deviation from elastic stage while the latter 
is obtained when stress go into transition stage (grey area). Basically the 
primary yield stress can reasonably characterize the triaxial behaviour of 
cement-admixed soil without the presence of bounding surface, as will be 
shown in calibration and validation in Chapter 4.  
3.3 Evaluation of Parameters 
The unconfined compressive strength, tensile strength, friction 
coefficient, initial values of true cohesion, preconsolidation pressure and 
specific volume, i.e. qu, M, 𝜎𝑡, 𝐶𝑖, 𝑝′py and 𝑉0 will be summarized in this 
section. Some empirical relationship are available in previous studies (Xiao et 
al., 2014; Xiao et al., 2016; Pan et al., 2016) and they are summarized herein. 
As expected, most of these parameters are related to mix ratio. There are many 
ways to characterize the mix ratio of cement-treated soil. In this study, soil-
cement ratio (s/c) and water-cement (w/c) ratio by mass are used because it is 
also the representation used by Xiao (2009). Soil-cement ratio is defined as the 
ratio of soil particles to cement particles by mass in the final mixture, and is 
denoted as “x”. Water-cement ratio is defined as the ratio of water to cement 





mix proportion of cement-treated soil, “x-constant-y” will be used. For 
example, in a 10-3-13 sample, the ratio of soil to cement is actually 10:3 
(𝑥 = 10
3
), and the ratio of water to cement is 13:3 (𝑦 = 13
3
). 
The unconfined compressive strength can evaluated via Xiao et al.’s 
(2014) empirical relationship 













′    (3.53) 
where 𝑞∞ = 40000kPa, 𝛼 =  1300kPa/day, 𝛾 = 0.52，𝑚 =0.3 and 𝑛 = 2.92,𝐶1 = 22 and 𝐶2 = 9 for 7 − day curing time (fitting effect 
shown in Fig. 3.9). 
Similarly, primary yield stress can be obtained from Xiao et al. (2014), 
Fig. 3.10 
𝑝py
′ = 22360 �1 − 1
1+(0.0325𝑡)0.52� �e0.3𝑚𝑦2.92�+ �1 + 5.04𝑥 + 12.30𝑥2 � 𝑝cur′  (3.54) 
Xiao et al. (2014) also proposed that 
𝑝py
′ ≈ 0.56𝑞u      (3.55) 
However, this relationship will be re-evaluated in Chapter 4. 
𝐶𝑖 was found to be closely related to 𝑞u  (Xiao et al. 2016) (as shown 
in Fig. 3.11)., 
𝐶𝑖 = 0.33𝑞u      (3.56) 
This will also be re-evaluated in Chapter 4. 
Pan et al. (2016) reported that the tensile strength of Singapore marine 
clay was found to be approximately 0.13 time 𝑞u . This is within the range of 






From Xiao et al. (2014), the initial value of specific volume can be 
calculated as 
𝑉0 = 𝐴1 ln�𝑝py′ − 𝑝cur′ � + 𝐵1 + 1   (3.57) 
Where 𝑝cur′  is the curing stress. 𝐴1  and 𝐵1  are expressed as follows. 
Beware that they are fitted for 7-day cement-admixed marine clay. The fitting 
effect is shown in Fig. 3.12 
𝐴1 = −0.566 − 0.461 �𝐶w𝐴w�−0.8919   (3.58) 
𝐵1 = 9.1372 �𝐶w𝐴w�−0.2198    (3.59) 
in which 𝐶w and 𝐴w are cement content and water content, 
respectively. They can be derived from soil-cement ratio and water-cement 
ratio, 
𝐶w = 𝑦/(𝑥 + 1)     (3.60) 
𝐴w = 1/𝑥      (3.61) 
The friction coefficient M is obtained by evaluating the ultimate state 
of undrained triaixal tests of short samples (Fig. 3.13). The reason why short 
sample is used is that the short samples are less susceptible to shear banding 
than long samples and thus able to maintain uniformity of the sample for a 
larger range of strain. All the parameters are listed in Table 3.1. The grey 
parameters are original parameters used in Xiao et al., (2016) (i.e. 𝜅s and 𝑝′0i). 
They are replaced by ?̅? and 𝑝′py, respectively. All the intermediate variables 













Table 3.1 All the Parameters Required 
Parameter Remarks 
𝜅s structured kappa 
?̅? Modified kappa 
𝜆r unstructured lambda 
𝑀 friction coefficient 
𝛼 Isotropic degradation parameter 
𝛽 Cohesion degradation parameter 
𝑝′0i 
Isotropic yield stress using intersection 
method 
𝑉0 initial specific volume 
𝜇′ Poisson's ratio 
𝑝′py 
primary yield stress using Rotta et al., 
(2003)’s method 
𝐶𝑖 initial cohesion 
𝜎t  tenisile strength 
 
Table 3.2 All the Short Form of Intermediate Variables 
Parameter Remarks Functions to get parameter 
𝑅1 𝜕𝑓/𝜕𝑝′  Eq. (3.18) 
𝑅2 𝜕𝑓/𝜕𝑞 Eq. (3.19) 
𝑅3 𝜕𝑓/𝜕𝑝′0 Eq. (3.24) 
𝑅4 𝜕𝑓/𝜕𝐶 Eq. (3.25) 
𝑅5 𝜕𝑝
′
0/𝜕𝜀vp Eq. (3.38) 
𝑅9 𝜕𝑝
′
0/𝜕𝜀sp Eq. (3.39) 
𝑅6 𝜕𝐶/𝜕𝜀vp Eq. (3.46) 








(a) yield loci on p’-q stress space 
 
(b) yield loci on normalized stress space 












Fig. 3.3 𝛼 −plots for cement-admixed marine clay with different mix 
proportions, curing periods and curing stresses (Source: Xiao and Lee, 2014) 
(Aw is the cement content, Cw the water content, t the curing period and p’cur 






Fig. 3.4 Degradation of inherent cohesion C for cement-treated specimen with 







Fig. 3.5 Low stress isotropic compression behaviour ( ∆𝑣 vs ln(p’) ) (BR 
































Aw=10%, Cw=100%, t=28d (PT)






Fig. 3.6 Low stress isotropic compression behaviour ( ∆𝑣 vs ln(p’+σt) ) (BR 
means Beach Road; PT means Pulau Tekong) 
 

































Aw=10%, Cw=100%, t=28d (PT)






Fig. 3.8 Difference between primary yield stress and isotropic yield stress 
 
 
Fig. 3.9 Measured qu and predicted 𝑞u for cement-admixed marine clay 








Fig. 3.10 Comparison between experimental and predicted isopropic primary 
yield stress for cement-admixed soil specimens. (Source: Xiao et al., 2014) 
 
 
Fig. 3.11 Relationship between initial cohesion 𝐶𝑖and unconfined compressive 







(a) Relationship between incremental isotropic primary yield stress and 
post-curing void ratio 
 
(b)                                                                (c) 
Fig. 3.12 Effect of post curing void ratio and ratio of water content to the 
cement content on initial specific volume for cement-admixed marine clay 
specimens (a) specific volume (b) parameter A1 (c) parameter B1 (Source: 





















(d) 50% of cement content and 133% of water content 
Fig. 3.13 Friction Coefficient value at critical state of short specimens with 







Chapter 4 Calibration and Validation of FEA Results 
4.1 Introduction 
The objectives of this chapter are as follows: 
(1) To ascertain that Xiao et al’s (2015) constitutive model have been 
coded correctly. This is achieved by comparing results of simulated 
triaxial tests with those reported by Xiao et al. (2016). Xiao et al. 
(2016) computed the stress-strain behaviour in terms of mean 
effective stress p’, deviator stress q, volumetric strain εv and 
generalized shear strain εs. This is insufficient for finite element 
computation which requires a stress-strain matrix which can relate 
6 components of stress to 6 components of strain.  
(2) To assess the ability of the model to make reasonably reliable 
predictions on the behaviour of triaxial soil samples. The mass 
ratios of soil: cement: water (s: c: w) (hereafter termed “mix ratios”) 
used in the validation are 10:1:11, 5:1:6, 10:3:13, 2:1:4 and 2:1:3, 
for which Xiao et al. (2016) has presented data.  
(3) To evaluate the material parameters which gives a good match to 
the experimental results and to ascertain how these parameters 
change with the mix ratio. 
4.2 Material Parameters 
As shown in Fig. 4.1, the material parameters are  
(1) Unstructured compression parameter, 𝜆𝑟.  
The parameter 𝜆r is the gradient of isotropic normal compression line 
of remoulded cement-admixed soil in a specific volume (v) – log (mean 





(2) Elastic parameters of intact cement-admixed soil, 𝜅s (?̅?) and 𝑣′. 
The parameter 𝜅s is the gradient of the re-compression line of intact 
cement-admixed soil in a specific volume (v) – log (mean effective stress) plot. 
As discussed in Chapter 3, the parameter ?̅? is the gradient of the 
corresponding isotropic re-compression curves in 𝑉 − ln (𝑝′ + 𝜎t) formulation. 
Since 𝑉 − ln (𝑝′ + 𝜎t) can improve the linearity of unloading-recompression 
line and thus obtain a more stable compression index, ?̅? will be used in this 
study. An effective Poisson’s ratio of 0.2 is assumed. As will be shown later, 
the results of the model are relatively insensitive to the Poisson’s ratio.  
(3) Parameters determining the initial structure of cement-admixed soil, 
namely the primary yield stress 𝑝′py ;  the initial inherent cohesion 𝐶i; the 
initial specific volume 𝑉0 and the tensile strength σt. 
(4) Parameters characterizing the loss of structure (cementation), 
namely the rate of loss of structure with respect to the work done by the plastic 
volumetric strain against structure (Xiao and Lee, 2014) 𝛼 and the cohesion 
degradation index 𝛽. 
(5) Friction coefficient, M. 
The parameters 𝜅s (?̅?), 𝜆r, 𝑝′py and 𝑉0 can be evaluated from isotropic 
compression curves of intact and remoulded cement-admixed soils. As 
discussed by Xiao and Lee (2014), α can be evaluated from post-yield 
isotropic compression data based on a theoretical relationship between loss of 
structure and compression pressure. The parameter 𝛽 can be obtained by 
fitting daa from triaixal tests at different confining pressure. 𝐶i is determined 
by initial yield locus. 𝜎t.can be determined by tensile split test. As discussed in 





Since ?̅? is obtained from modified formulation (Pan et al., 2016), it is 
re-examined in Section 4.3. Furthermore, the process of yielding is, in reality, 
a gradual rather than abrupt, process. The isotropic yield stress used herein is 
the primary yield stress,  𝑝′py, which marks the onset of yielding, whereas 
Xiao et al. (2016) used the intermediate yield stress 𝑝′0i, which marks a point 
at about middle of yielding. Correspondently, the initial cohesion 𝐶i is also 
modified according to the primary yield stress 𝑝′py.  
4.3 Recalibration of Compression Parameters 
Three parameters can be recalibrated using isotropic compression data, 
i.e. unloading-recompression index ?̅?, 𝑝′py, 𝐶i. The modified swelling index ?̅? 
(Pan et al., 2016) can be evaluated by plotting specific volume against 
log(p’+σt) (Fig. 4.2(a)(b)). Table 4.1 summarizes values of the modified 
recompression index κ  (Pan et al. 2016). Following Rotta et al. (2003) and 
Xiao et al. (2014), the primary yielding point is found when the stiffness first 
shows significant decrease reduces in a linear-linear plot of mean effective 
stress p’ against specific volume v. Figs. 4.3(a) & (b) shows the isotropic 
compression curves of cement-treated marine clays taken from two locations. 
The primary yield stresses are marked with arrows. The re-evaluated primary 
yield stresses are listed in Table 4.1. The initial cohesion 𝐶𝑖 is also defined to 
that at primary yielding.  
One way to evaluate 𝐶𝑖 is through the intersection point (p’1, q1) of the 
tension cut-off line and yield locus in stress space, Fig. 4.1(a). The tension cut-
off line is a straight line joining all the points on the triaxial plane which has a 
minor principal effective stress of zero. It can be readily shown that this 





(2014) proposed that the deviator stress q1 at this point of intersection is 
approximately equal to the unconfined compressive strength. This can be 
shown to be the case if the unconfined compression test takes place under 
drained condition. If the latter is true, then the zero lateral confining pressure 
also translate to zero lateral effective stress.  
A rough assessment of the state of drainage of an unconfined 
compression test specimen can be made using the dimensionless time for 
consolidation T, which can be defined by  
T = 2R
tcv       (4.1) 
Where cv is the coefficient of consolidation, t the duration of the test 
and R is the radius of the specimen, which also the length of its drainage path. 






      (4.2) 
in which k is the coefficient of permeability, D the constrained 
modulus and γw the unit weight of water. The constrained modulus D can be 







−E      (4.3) 
In which E’ and ν’ are the effective Young’s modulus and Poisson’s 
ratio of the soil. Combining Eqs. (4.1) to (4.3) leads to 














Values of the modulus of cement-treated soil has been extensively 





  ratio of 
between 150 and 500, where Eu is undrained modulus. Equating shear 
modulus allows the effective Young’s modulus E’ to be expressed as 
E’ = ( ) uE5.1
'1 ν+      (4.5) 
For ν’ = 0.2, E’ = 0.8Eu ~ 112qu. Hence, a reasonably conservative 
value of E’ is 150qu. The radius of the unconfined compression test specimens 
used is 0.018m and the time to failure is typically about 300secs. The 
unconfined compressive strength ranges from about 800kPa to 3000kPa. As 
mentioned earlier, the Poisson’s ratio is taken to be 0.2. For a coefficient of 
permeability k of 1x10-9m/s (the range is about 1x10-9~1x10-11m/s by Chin, 
2005) and unconfined compressive strength of 1000kPa, the dimensionless 
time T is about 12.3. This is much higher than 1.0 and would suggest that the 
specimen is completely drained. Reducing the permeability to 1x10-10m/s give 
T ~ 1.23, which would also suggest a well-drained condition. Hence, 
unconfined compressive test specimens of cement-treated clay likely to be in a 
well-drained to completely drained condition. And this would explain Xiao et 
al.’s (2014) that the unconfined compressive strength is well-correlated to the 
deviator stress at intersection point of the tension cut-off line and yield locus 
in stress path. 
Once the M and 𝑝′py are known, the 𝐶𝑖 can be evaluated by solving Eq. 
3.13. The deduced values of 𝐶𝑖 are listed in Table 4.1. Following Xiao et al. 
(2014) method of correlation, the isotropic yield stress 𝑝′py was found to be 





qu, Fig. 4.4(b). These correlations agree well with those of Xiao et al. (2014, 
2016). 
The parameters and reference values are summarized in Table 4.2. 
4.4 Numerical Modeling and Validation 
4.4.1 Geometry and Boundary Conditions 
As Fig. 4.5(a) shows, an axisymmetric finite element model is used for 
comparison with Xiao et al.’s (2014) results. The lower boundary of the mesh 
is fixed in the vertical direction and the left side is fixed in horizontal direction, 
the latter being the axis of symmetry. This simulates an ideal triaxial test 
situation with no end friction. Three stages of the triaxial test are modelled. 
The first is an isotropic consolidation stage, in which all-round confining 
pressure is applied to the model. The second is a drained or undrained shearing 
stage, during which the top boundary is moved downwards in displacement-
control mode to compress the soil model. The third stage is an unloading stage 
during which the load on the top boundary is progressively decreased. 
4.4.2 Mesh Size 
As a precursor to the validation exercise, a study was conducted to 
study the effect of element size and choice of integration point. As shown in 
Fig. 4.5 (b), three meshes with different element sizes were used; these three 
meshes have 32, 126 and 450 elements, respectively. Fig. 4.6 shows the stress-
strain curves from several integration point the three meshes labelled in Fig. 
4.5 for a mix ratio of 2:1:4. As can be seen, the curves are almost identical, 
indicating that the location of the integration point and the mesh size has little 
influence on numerical results. This is not surprising since the problem 





same stress and strain states. For the validation exercise below, integration 
point 1 from element 1 of mesh 1 will be used. 
4.4.3 Comparison between FEA result and analytical result 
To ensure that the constitutive model is coded correctly, the FEA 
results are compared with analytical result done by Xiao (2009) using Excel. 
The same parameters are used in analytical result and FEA result. The pre-
yielded case with 20% cement content and 100% water content is simulated. 
The parameters are available in Table 4.2. Fig. 4.7 shows that the FEA results 
almost coincide with analytical results. The divergence of the two curves is 
because an unloading is simulated to distinguish the two result. 
4.4.4 Validation in Isotropic Compression 
The isotropic compression tests for non-pre-yielded specimens were 
modelled by increasing the confining pressure in small steps. Fig. 4.8 shows 
the numerical and test results of isotropic compression curves for five mix 
proportions. As can be seen, the agreement between simulated and 
experimental curves is close, indicating that the compression relation and 
parameters used are able to give a good description of isotropic compression 
behaviour. Since Rotta et al. (2003)’s primary yield stress is used in this study, 
the yielding point is located at a slightly lower pressure than test result 
because the primary yield stress concept defines an earlier occurrence of 
yielding than intersection method. It should be noted that Mohr-Coulomb type 
model is not able to capture this isotropic yielding behaviour as it does not 





4.4.5 Validation in Triaxial Compression 
Comparison is made with two types of cement-treated clay specimens, 
as follows: 
(1) Non-Pre-Yielded (NPY) specimens. These are “virgin” cement-
treated clay specimens which have not been stressed to yielding 
prior to the testing. 
(2) Pre-Yielded (PY) specimens. These are cemented-treated clay 
specimens which have been isotropically consolidated past their 
primary yield stress and then unloaded to a lower effective 
confining pressure. In effect, they have undergone a partial loss of 
cementation but are in an over-consolidated state. 
For each type of tests, drained and undrained tests were compared. For 
each mix proportion, the parameters are the same regardless of drainage 
conditions (drained or undrained) and stress states (pre-yielded or non-pre-
yielded), and are as listed in Table 4.2. Figs. 4.9-4.13 compare the simulated 
and experimental drained test results for the five mix ratios. In all cases, 
remarkably good agreement was obtained for the pre-yielded specimens. For 
the non-pre-yielded specimens, the differences between computed and 
experimental results are more evident but the trend is still reasonably well-
reproduced. Fig. 4.14 shows drained test results and predictions for lower 
cement content from Horpibulsuk et al. (2010) and Suebsuk et al. (2010). As 
can be seen, similar levels of discrepancy between computed and experimental 
results are also in evidence. 
Undrained results of different mix proportions are shown in Fig. 4.15-
4.19. In all of the pre-yielded specimens, the sub-yield stress path is vertical, 





For non-pre-yielded specimens, the undrained stress paths drift away from the 
vertical even below the primary yield surface. This can also be observed in 
Chin (2006) and Horpibulsuk et al. (2004, 2010), as shown in Fig. 4.20 as well 
as 4.21 (a) and (c). On the other hand, as Fig. 4.15-4.19 shows, for the pre-
yielded specimens, the simulated stress strain curves are closer to test results. 
Similar levels of error have also been reported in previous studies (e.g. 
Horpibulsuk et al., 2010), as shown in Fig. 4.21 (b) and (d).  
There may be many reasons for the deviation of stress path in non-pre-
yielded specimens. One possibility is the occurrence of plastic yielding at 
isolated weak regions in the specimens, even before yielding. Fig. 4.22 (a) 
shows isotropic compression curves of three specimens of the same batch (mix 
ratio: 2:1:4). The three samples were freshly taken from curing water tank and 
did not undergo any loading before isotropic compression test. Or in other 
words, these samples are non-pre-yielded. Sample 1 was compressed all the 
way down to more than 1000 kPa; Sample 2 was firstly compressed to (300 
kPa) which is larger than primary yield stress (275 kPa), and then it was 
unloaded to zero before recompressed over yielding stress; Sample 3 was 
firstly compressed to only 100 kPa which is much lower than primary yield 
stress, and then it was unloaded to zero before recompressed. As can be 
observed, although Specimen 3 was isotropically compressed to only one-third 
of its primary yield stress, plastic volumetric strain was incurred. This implies 
that the NPY samples may experience plastic straining even although the 
effective confining pressure are lower than primary yield stress. This may 
explain why the stress path of NPY samples whose confining pressure are 





deviator stress (Figs. 4.17, 4.19). After being pushed over yielding stress, the 
transition between “elastic stage” and “plastic stage” are much sharper than 
Sample 1. This indicates that the recompressed sample becomes more “elastic” 
after being compressed. This is consistent with the fact that the undrained 
stress paths of overconsolidated pre-yielded samples are more vertical (Figs. 
4.17, 4.19).  
One way to mitigate this problem is to employ bounding surface 
concept (e.g. Dafalias and Popov 1976, Dafalias, 1986). The bounding surface 
concept allows irreversible strains to occur inside the bounding surface and 
this enables a smooth transition from “steady” elastic stage to “steady” plastic 
stage. Xiao et al., (2016) adopted this concept into original constitutive 
framework (Xiao, 2009; Xiao and Lee, 2014). The stress path of non-pre-
yielded samples whose confining pressure is lower than primary yield stress is 
more consistent with test result after bounding surface concept is adopted, as 
shown in Fig. 4.22 (b). However, this development was not coded into the 
finite element model because it post-dated the finite element development. 
The softening portion of the stress-strain curve for the drained tests is 
not well- modelled. Xiao et al., (2016) postulate that the strain softening of 
cement-treated soil in drained test of tall specimen is strongly related to the 
shear band occurrence, which is a localization phenomenon. Once the shear 
band appears, the triaxial specimen is no longer a uniform element test and the 
results cannot be regarded to be representative of the stress-strain behaviour of 
the material alone. Xiao et al., (2016) also found that the short specimen with 
the same mix ratio demonstrates much more ductility and the sample does not 





simulation result when effective confining pressure is not too much lower 
(usually OCR<=2) than preconsolidation pressure 
4.5 Parametric study 
To investigate how each parameter may affect the final result, a series 
of parametric studies are carried out. The ranges of all the parameters can be 
obtained from Table 4.2. To show the effect of each parameter, three values 
are taken for one parameter. The minimum value, the maximum value and the 
mean value of parameter obtained from Table 4.2 are tried, as indicated by a 
bracket named “test range”. For example, for the parametric study on the 
modified recompression index ?̅?, the range reflected in Table 4.2 is (0.023, 
0.042) and the mean value is about 0.03. Therefore, the three values form “test 
range”. These parameters are obtained from a wide range of mix ratio (from 
10% to 50%), which is larger than those in previous studies (e.g. Horpibusuk 
et al., 2010; Suebusuk et al., 2010, 2011).  
4.5.1 Effect of modified recompression index 𝜿� 
Figs. 4.23 shows the influence of the modified recompression index ?̅?. 
Generally, small differences among the deviator stress strain curves mainly 
occur in elastic stage and the compression curves almost coincide in drained 
condition. This indicates that the change of ?̅? does not significantly affect the 
numerical results. This is reasonable since κ  is related to the elastic bulk 
modulus (Eq. 3.52) while the shear modulus is proportional to bulk modulus 
given Poisson’s Ratio (Eq. 3.16). Hence, the undrained stress paths are almost 
identical while the stress strain curves show some lateral offsets. This 
difference is slightly larger than that observed in drained test due to longer 





because the elastic strain is very small compared with plastic counterparts. 
Moreover, little change is observed in peak strength. 
4.5.2 Effect of remoulded compression index 𝝀𝐫 
Figs. 4.24 shows the influence of the remoulded compression index 𝜆r 
on the numerical results. The effect is evident mainly in the drained tests. This 
is expected as the strain hardening is closely related to this parameter, as 
shown in Eq. 3.38. The maximum relative variation is about ±10% from the 
average value. When large value of 𝜆r is chosen, the estimated results are on 
conservative side in terms of both strength and deformation.  
The remoulded compression index λr has relatively little impact in 
undrained analysis results. The reasons are given as follows. The stress-strain 
behaviour is influenced by both isotropic hardening and cohesion degradation. 
The remoulded compression index 𝜆r affects the stress-strain behaviour only 
via the isotropic hardening (Eqs. 3.38-3.39). In undrained condition, the 
plastic volumetric strain is very small (amount to the elastic volumetric strain) 
and the impact of 𝜆r originate from the plastic deviator strain. However, in 
undrained condition, the cohesion degradation is more pronounced than 
isotropic hardening. Fast decreasing cohesion quickly flattens the yield surface 
and leads to softening at very small strain level. As a result, the effect of 𝜆r 
cannot be clearly observed. 
4.5.3 Effect of friction coefficient M 
Fig. 4.25 shows the influence of friction coefficient on numerical 
results. In drained analysis, it can be observed that the differences among these 





largest and smallest deviator stress at the same deviator strain level does not 
exceed 15%.  
In undrained analysis, the friction coefficient affects the location of 
yielding point. This can be expected from yielding function which includes 
terms with friction coefficient. However, the difference within the test range is 
also insubstantial. 
4.5.4 Effect of initial specific volume and Poisson’s Ratio 
Figs. 4.26 and 4.27 show the influence of initial specific volume and 
Poisson’s Ratio on numerical results. Generally, these values only affects the 
initial stiffness and the effect on strength is very limited. When moved to the 
same initial point, the compression curves of Fig. 4.50 are almost identical. 
4.5.5 Effect of structure degradation parameters α and β 
There are two structure degradation parameters, i.e. 𝛼 and 𝛽. The 
former varies with mix ratio (Xiao and Lee, 2014) while the latter is the same 
for all mix ratios. Hence, only 𝛼 is examined. As can be observed in Fig. 4.28, 
the 𝛼 has very limited effects on both drained and drained results. 
The parameter 𝛽 is evaluated from cohesion degradation curves of all 
mix ratios. Hence it is constant and does not vary with mix ratio. 
4.5.6 Effect of initial yield locus parameters p’py, Ci and σt 
The size of initial yield locus is defined by the tensile strength 𝜎t initial 
cohesion 𝐶𝑖 and primary yield stress  𝑝′py. In compression case, the tensile 
strength only affects the initial stiffness according to Eq. 3.52. To investigate 
the effect of yield locus, the ratio of initial cohesion 𝐶𝑖 to primary yield stress 
𝑝′py is kept constant while the primary yield stress 𝑝′py gradually increases. 





affects both drained and undrained behaviour of cement-admixed soil. This is 
not surprising because the size of yield locus determines the yielding point and 
the yielding point significantly influence the stress strain behaviour. 
4.5.7 Simulation using average values 
From the above discussion, it can be concluded that the drained 
numerical results are sensitive to initial value of true cohesion, primary yield 
stress and specific volume while the undrained numerical results are sensitive 
to initial value of true cohesion and primary yield stress. Some parameters like 
friction coefficient M and 𝜆r have limited influence (no more than 15% 
relative difference) on drained numerical results inside test range. Other 
parameters like 𝜅s and 𝛼 have negligible influence on numerical results near 
test range.  
To further test these conclusions, average values of ?̅?, 𝜆r, 𝑀, 𝛼, 𝛽 𝜇′ 
and 𝑉0 are taken to be the same for all mix proportion while 𝑝′py and 𝐶0 take 
values from Table 4.2 for each mix proportion. The averaged parameters are 
listed in Table 4.3. As Figs. 4.30 show, the numerical results with averaged 
parameters do not differ significantly from those with original parameters. 
This suggests that the numerical results are not very sensitive to change of ?̅?, 
𝜆r, 𝑀, 𝛼, 𝛽 𝜇′ and 𝑉0  and in many cases 𝑝′py and 𝐶0 can capture most of the 
behaviours in both drained and undrained conditions. Consequently, small 
errors in many parameters are unlikely to lead to significant variations in result. 
However, it should be noted that the parameters should vary with mix 
proportion on a physical ground. For example, 𝜅s should change with mix 





stiffer and therefore the slope of unloading-recompression line should be 
smaller.  
4.6 Conclusion 
In this chapter, compression parameters are recalibrated using test data 
of isotropic compression. Then the numerical results using the updated 
parameters are validated using drained and undrained test results. Generally, 
the numerical model can match test results reasonably well though some 
discrepancies occur in non-pre-yielded specimens, that is, the undrained stress 
path of test result drift away from expected upright direction in elastic stage 
and test stress strain curves are less stiffer than numerical ones. 
Finally, a series of parametric studies are conducted. It is found that the 
size of yield locus (𝑝′py and 𝐶0) can generally capture the behaviour of cement-
admixed soil while other parameters does not have significant effect on 
























5:1:6(BR) 20 100 0.018 256 445 N.A. 3.34 
5:2:7(BR) 40 100 0.022 520 870 N.A. 3.02 
2:1:4(BR) 50 133 0.019 260 415 N.A. N.A. 
4:3:10(BR) 75 143 0.022 401 607 N.A. 2.73 
10:1:11(PT) 10 100 0.024 140 220 91 3.25 
5:1:6(PT) 20 100 0.029 250 412 167 2.73 
10:3:13(PT) 30 100 0.023 355 559 203 2.40 
2:1:4(PT) 50 133 0.042 580 920 323 2.12 








Table 4.2  Material Parameters for Cement-admixed Soil 
Parameter 
Mix Proportions (s:c:w) 








100 100 100 133 100 
𝜅s 0.029 0.020 0.019 0.024 0.016 
?̅? 0.024 0.029 0.023 0.042 0.028 
𝜆r 0.20 0.23 0.25 0.30 0.285 
𝑀 2.26 2.36 2.38 2.42 2.53 
𝛼 3.25 2.73 2.40 2.12 1.80 
𝛽 0.28 0.28 0.28 0.28 0.28 
𝑝′py (kPa) 140 250 355 275 580 
𝐶i (kPa) 91 167 203 155 323 
𝜎t (kPa) 30.0 51.0 67.4 56.7 119.7 
𝑉0 3.54 3.45 3.36 4.03 3.25 
𝜇′ 0.2 0.2 0.2 0.2 0.2 
 
Table 4.3  Material Parameters for Cement-admixed Soil 
Parameters ?̅? 𝜆r 𝑀 𝛼 𝛽 𝜇′ 𝑉0 𝜎𝑡 𝑝′oi 𝐶0 
Remarks constant constant constant constant constant constant constant Vary Vary. Vary 
Averaged 
Value 











(b)      (c) 
Fig. 4.1 Parameters and its meanings (a) Stress space, (b) Compression Space, 







y = -0.018ln(x) + 0.0702 
R² = 0.9981 
y = -0.022ln(x) + 0.0988 
R² = 0.9864 
y = -0.019ln(x) + 0.0758 
R² = 0.9881 
y = -0.022ln(x) + 0.0959 


































Fig. 4.2 Isotropic compression behaviour of cement-admixed marine clay (a) 
Low Stress Behaviour (marine clay from South Beach Road) (b) Low Stress 
Behaviour (marine clay from Pulau Tekong) 
y = -0.024ln(x) + 0.0834 
R² = 0.992 
y = -0.029ln(x) + 0.1137 
R² = 0.9974 
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Fig. 4.3 Re-evaluation of primary yield stress 𝑝′py (a) Full Compression 
Curves (South Beach Road) (b) Full Compression Curves (Pulau Tekong) 









Fig. 4.4 Empirical relationship between primary yield stress 𝑝′py, initial 
cohesion 𝐶𝑖 and unconfined compressive strength qu 
y = 0.6204x 


















y = 0.3628x 


























Fig. 4.5 FEA setup for triaxial tests (a) geometry and boundary conditions, (b) 
three different meshes( mesh1: number of element=32; mesh2: number of 
element=126; mesh3: number of element=450; Point 1 and Point 2 are two 







Fig. 4.6 Check on effect of mesh size and choice of integration point  
 
 
(a)       (b) 
Fig. 4.7 Comparison of numerical results and analytical results (a) Effect of 






























































Fig. 4.8 Comparison of test results and numerical results of isotropic 
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                (c) 
Fig. 4.9 Comparison of test results and numerical results of CID specimen 
with mix proportion 10:1:11 (Aw=10%, Cw=100%) cured under atmospheric 
pressure for 7 days (a) stress path, (b) deviator stress-strain curve, (c) 
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(a)                                                                        (b) 
       
                                      (c) 
Fig. 4.10 Comparison of test results and numerical results of CID specimen 
with mix proportion 5:1:6 (Aw=20%, Cw=100%) cured under atmospheric 































































(a)                                                                         (b) 
    
                                       (c) 
Fig. 4.11 Comparison of test results and numerical results of CID specimen 
with mix proportion 10:3:13 (Aw=30%, Cw=100%)  cured under atmospheric 
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(a)                                                                        (b) 
      
(c) 
Fig. 4.12 Comparison of test results and numerical results of CID specimen 
with mix proportion 2:1:4 (Aw=50%, Cw=133%)  cured under atmospheric 
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(a)                                                                        (b) 
  
                                             (c) 
Fig. 4.13 Comparison of test results and numerical results of CID specimen 
with mix proportion 2:1:3 (Aw=50%, Cw=100%)  cured under atmospheric 
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(a)                                                               (b) 
 
(c) 
Fig. 4.14 Comparisons of experimental and simulated CID test results [Source: 










Fig. 4.15 Comparison of test results and numerical results of CIU specimen 
with mix proportions 10:1:11 (Aw=10%, Cw=100%) cured under atmospheric 














































Fig. 4.16 Comparison of test results and numerical results of CIU specimen 
with mix proportions 5:1:6 (Aw=20%, Cw=100%)  cured under atmospheric 











































Fig. 4.17 Comparison of test results and numerical results of CIU specimen 
with mix proportions 10:3:13 (Aw=30%, Cw=100%)  cured under 















































Fig. 4.18 Comparison of test results and numerical results of CIU specimen 
with mix proportions 2:1:4 (Aw=50%, Cw=133%)  cured under atmospheric 















































Fig. 4.19 Comparison of test results and numerical results of CIU specimen 
with mix proportions 2:1:3 (Aw=50%, Cw=100%)  cured under atmospheric 











































Fig. 4.20 Undrained and drained stress paths behaviour consolidated at pre-

















Fig. 4.21 Undrained effective stress paths for the cemented Ariake clay (a) 
stress path (Aw=9%), (b) deviator stress strain curve(Aw=9%),(c) stress path 































Fig. 4.22 (a) Isotropic compression curve of three samples in one batch (mix 
ratio, 2:1:4) (b) stress path of NPY sample whose confing pressure is lower 
than primary yield stress. (The NPY sample was highlighted with circle. (mix 


































































Fig. 4.23 Parametric study on 𝜅s (a) deviator stress strain curve in drained 
condition, (b) compression curve in drained condition, (c), stress path in 











































































































Fig. 4.24 Parametric study on 𝜆r (a) deviator stress strain curve in drained 
condition, (b) compression curve in drained condition, (c), stress path in 





































































































Fig. 4.25 Parametric study on M (a) deviator stress strain curve in drained 
condition, (b) compression curve in drained condition, (c), stress path in 





























































































Fig. 4.26 Parametric study on initial specific volume (a) deviator stress strain 
curve in drained condition, (b) compression curve in drained condition, (c), 










































































































Fig. 4.27 Parametric study on Poisson’s Ratio (a) deviator stress strain curve 
in drained condition, (b) compression curve in drained condition, (c), stress 











































































































Fig. 4.28 Parametric study on 𝛼 (a) deviator stress strain curve in drained 
condition, (b) compression curve in drained condition, (c), stress path in 
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Fig. 4.29 Parametric study on size of yield locus (a) deviator stress strain 
curve in drained condition, (b) compression curve in drained condition, (c) 
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Fig. 4.30 Comparison of numerical results using averaged parameters and 
original results: (a) deviator stress strain curve in drained condition, (b) 
compression curve in drained condition, (c), stress path in drained condition (d) 




















































Chapter 5 Effect of Spatial Variability on Uniaxial 
Compression of Cement-admixed Marine Clay Column 
5.1 Introduction 
It has been observed that, regardless of the method used to introduce 
cement into soil, the resulting admixture exhibit non-uniformity (e.g. Babasaki 
et al., 1996; Larsson et al., 2005a, 2005b; Chen et al., 2011; Namikawa and 
Koseki 2013). This has significant implications in design and construction. 
Back-analyzed field data indicate significantly lower mobilized mass 
properties than laboratory measured values for the given mix ratio (Shikauchi 
et al., 1993; Nakagawa et al., 1996) or the elemental properties obtained from 
the vertically cored samples (O’Rourke et al., 1998; Pickles and Henderson, 
2005). In design, the cement-treated soil domain is still regarded as either a 
homogeneous material or discrete soil layers. To account for the non-
uniformity, the design strength assumed for the equivalent homogeneous 
material is often much lower than the indicative strength for the mix ratio. To 
balance the needs of safe and buildable construction, an examination of the 
effect of spatial variability on mobilized shear strength is required. 
Random finite element analysis has been used to study the effect of spatial 
variability of soil (e.g. Fenton and Vanmarcke, 1990; Paice et al., 1996; 
Fenton and Griffiths, 2002; Namikawa and Koseki, 2013; Liu et al., 2015; 
Kasama et al., 2012). The random field and Monte Carlo simulation are jointly 
used to obtain a representative spectrum of results. These studies highlighted 
the importance of the coefficient of variation (e.g. Namikawa and Koseki, 
2013; Liu et al., 2015), scale of fluctuation (e.g. Fenton and Vanmarcke, 1990; 





and mixing column positioning error (e.g. Liu et al. 2015) on the global 
behaviour of the treated soil mass.  
Most random finite element studies to date were based on elastic-
perfectly-plastic models such as Tresca (e.g. Griffiths and Fenton, 2004; 
Ching and Phoon, 2013) and Mohr-Coulomb model (e.g. Liu et al. 2015; 
Fenton and Griffiths, 2003; Suchomel and Masin, 2010). Xiao et al.’s (2014) 
test results showed that the stress-strain behaviour of cement-treated marine 
clay under undrained conditions is strongly strain-softening. Under drained 
conditions, cement-treated marine clay demonstrate large post-yield 
volumetric compression with strain-hardening response. Elastic-perfectly-
plastic models cannot replicate such complex behaviour.  
Namikawa and Koseki (2013) used a strain-softening model 
(Namikawa and Mihira 2007) in random analysis of cement-treated sand 
column under drained conditions. Cement-treated marine clay has much lower 
permeability than cement-treated sand, typically in the range 10-9m/s to 10-
11m/s (Chin, 2005). For this reason, it is often assumed to be undrained during 
loading. Furthermore, Namikawa and Mihira’s (2007) model was based on a 
generalization of the Mohr-Coulomb model; it does not have a compression 
cap and therefore cannot model the volumetric yielding behaviour of cement-
treated clay. Up to now, there has been little or no reported random finite 
element studies on cement-treated clay mass using an advanced constitutive 
model.  
Deep excavation and underground construction work in urban areas usually 
use cement-treated clays with cement content about 20% or higher (e.g. 





2013). On the other hand, existence of spatial variability of cement binder 
implies that the cement content of treated clay will fluctuate around the target 
mix ratio (Chen et al., 2015). To simulate a cement treated column with spatial 
variability, it would be advantageous if the model is validated by specimens 
with a wide range of cement content. Xiao et al.’s (2016) model is based on 
laboratory test data on specimens with cement content ranging from 5 to 50%. 
The wide range is required to represent the possible range of mix ratios which 
may be encountered in spatially variable cement-treated clay mass. Therefore, 
a randomized version of Xiao’s model (Xiao et al., 2016) is required to 
investigate the effect of spatial variability on global behaviour of treated soil 
in field scale. This is the aim of this study. 
 
The objectives of this chapter are as follows: 
(1) Randomize the constitutive model for cement-admixed soil (Xiao, 
2009) using available relationship or test data. 
(2) Investigate the effect of spatial variability on undrained uniaxial 
compression of cement-treated single column. The results would be 
compared with Namikawa and Koseki (2013) and a total stress 
Mohr-Coulomb model such as that used by Liu et al. (2015). This 
also serves as a validation of randomized framework. 
(3) The design implications are discussed and reduction factors for 







5.2 Randomization of Xiao’s Constitutive Model 
5.2.1 Randomization of Model Parameters 
There are 10 parameters in the model in this study (Table 5.1). Due to 
limitation of data, it is very difficult to randomize all parameters. Thus, in 
random finite element analysis with sophisticated constitutive models (e.g. 
Namikawa and Koseki, 2013, Namikawa, 2014), some parameters are 
assumed to be perfectly correlated and is randomly generated, while other 
parameters are kept constant. In Suchomel and Masin (2011), all eight 
parameters in a hypoplastic model (Wolffersdorff, 1996) are randomized. 
However, a sensitivity study in Suchomel and Masin (2011) found that some 
parameters actually have little effect on the final result.  
The sensitivity studies for each parameter has been discussed in Section 4.5. 
In undrained conditions, the effects of the parameters 𝜆r (compression index 
of remoulded cement-admixed soil), 𝑀 (friction coefficient), 𝛼 (rate of loss of 
structure with respect to the work done by the plastic volumetric strain against 
structure, Xiao and Lee, 2014) and 𝛽 (cohesion degradation index) on the 
results are relatively limited, while ?̅?  (modified swelling index, Pan et al., 
2016), 𝜇′  (effective Poisson’s ratio) and 𝑉0  (initial specific volume) only 
changes the initial stiffness. In summary, the effects of these parameters are as 
follows: 
1) ?̅? : modified swelling index (Pan et al., 2016).  
Pan et al.’s (2016) data showed that ?̅?  lies between 
approximately 0.02 and 0.04. As Fig. 4.23 (c) & (d) show, when ?̅? 
ranges from 0.02 to 0.04, it only affects the initial stiffness of cement-





2) λr : compression index of remoulded cement-admixed soil 
 Xiao et al.’s (2016) results showed that the unstructured NCL 
gradient λr  generally lie between 0.2 and 0.3 for cement content 
ranging from 10~50%. A parametric study in Fig. 4.24 (c) & (d) also 
show that the effect of change in  λu within this range is very limited.  
3) M  : friction coefficient 
 In Xiao et al., (2016), M is related to unconfined compressive 
strength qu 
𝑀 = 𝑀0(1 − 𝑏1+(𝑎𝜕u)𝑛)     (5.1) 
Where 𝑀0 = 2.62, 𝑎 = 0.031, 𝑏 = 0.95 and n0=0.95 are fitting 
parameters. When qu varies from 200 to 4000 kPa, the friction 
coefficient M varies between 2.30 and 2.60. As can be observed in Fig. 
4.25 (c) & (d), the undrained strength generally increases with M. 
However, within the range of 2.30 and 2.60, the relative change of 
strength is less than 6%. Since the mean value of cored specimen is 
about 1700 kPa, a value 2.56 is used for friction coefficient M. 
4) 𝛽 : cohesion degradation index 
In Xiao et al., (2016), the cohesion degradation index 𝛽 is obtained 
collectively by fitting data from all mix ratios, thus it does not vary with 
mix ratio.  
5) 𝜇′ : effective Poisson’s Ratio  
The effective Poisson’s Ratio is also assumed to be constant; 
this being a common assumption in most random finite element 
analyses (e.g. Namikawa and Koseki, Liu et al., 2015). Parametric 





initial stiffness in a limited degree, as shown in Fig. 4.27 (c) & (d). A 
Poisson’s Ratio of 0.2 was used for all mix ratios in Xiao et al. (2016). 
Hence a constant Poisson’s ratio of 0.2 is also assumed in this study. 
6) 𝛼 (rate of loss of structure with respect to the work done by the plastic 
volumetric strain against structure, Xiao and Lee, 2014 )and 𝑉0 (initial 
specific volume) : 
Xiao and Lee (2014) proposed that 𝛼 can be correlated to soil-
cement ratio and water-cement ratio via the relationship 
𝛼 = 2.543 exp (0.139(𝑠/𝑐))(𝑤/𝑐)0.437     (5.2) 
where 𝑠/𝑐 and 𝑤/𝑐 are the soil/cement and water/cement mass ratios 
of the cement-admixed soil.  
Similarly, initial specific volume 𝑉0  is also related to mix ratios (Eqs. 
3.57~61) (Xiao et al., 2014). Chen et al., (2015) found that in wet mixing, the 





− 1)    (5.3) 
𝑦 = 𝑤𝑥 + Λ     (5.4) 
Λ = 𝐺c𝜌w−𝜌
𝐺c(𝜌 −𝜌w)     (5.5) 
where 
x = soil/cement mass ratio of cement-admixed soil 
y= water/cement mass ratio of cement-admixed soil 
𝑐binder = binder concentration, defined as the ratio of cement slurry to 
the final mixture by weight.  
Λ = water-cement ratio by weight in cement slurry,  





𝜌 = density of cement slurry, unit g/cm3. 
𝜌w = density of water, unit g/cm
3. 
𝑤 = natural water content of the in-situ soil. 
The ranges of the above parameters are summarized in Table. 5.2.  
According to Chen et al. (2015), the binder concentration follows a 
normal distribution with mean value and coefficient of variation (COV) of 
0.29 and 0.19, respectively. The mix ratio can be estimated by Eqs. 5.3 to 5.5, 
and thus the parameters 𝛼 (rate of loss of structure with respect to the work 
done by the plastic volumetric strain against structure, Xiao and Lee, 2014) 
and initial specific volume 𝑉0 can be estimated by Eqs. 5.2 and Eqs. 3.57~3.61, 
respectively. Using Eqs. 5.2 to 5.5, the mean value of binder concentration, 
that is 0.29, can be shown give values of 𝛼 and initial specific volume 𝑉0 of 
2.38 and 2.85, respectively. For a normal distribution, it can be shown that the 
mean±2 standard deviation range covers 95% of all the possible binder 
concentration. In such cases, α ranges from 2.32 to 2.73 while initial specific 
volume 𝑉0 ranges from 2.32 to 3.08. This is much narrower than the ranges 
studied in Section 4.5. In spite of the wider range studied, the results of the 
parametric studies show that the undrained behaviour of the soil varies very 
little with 𝛼 value, Fig. 4.28 (c) & (d). Changes in the initial specific volume 
𝑉0 affects only affect the stiffness, Fig. 4.26 (c) & (d), similar to the effect of 
modified swelling index ?̅?  and effective Possion’s Ratio 𝜇′ . By using the 
respective average values of these parameters ?̅?, 𝜆r, 𝑀, 𝛼, 𝛽 𝜇′ and 𝑉0, while 
randomizing the 𝜎t, 𝑝′py and 𝐶𝑖 , we can still capture most of the behaviours.  
As Fig. 4.1 shows, the size of initial yield locus is defined by the 





have more significant effect on the result. As Fig. 4.29 shows, the variability 
in the results can be largely reflected by variation in these three parameters. It 
is well established that size of yield locus are physically related to initial soil 
structure or bond, which is well correlated to unconfined compressive strength 
qu (e.g Liu and Carter, 2002; Lee et al., 2004; Horpibulsuk et al., 2010). 
Horpibulsuk et al., (2010) reported that cohesion parameter (Ci) and isotropic 
yielding stress (𝑝′𝑦,𝑖) can be roughly estimated by 0.5 and 1.0 time the 
unconfined compressive strength, respectively. In Figs. 4.4 (a)(b), the primary 
yield stress 𝑝′𝑝𝑦 and initial cohesion 𝐶𝑖  are plotted against unconfined 
compressive strength qu. As can be seen, the ratio of primary yield stress 𝑝′𝑝𝑦 





, are 0.62 and 
0.36, respectively. The former is close to the ratio 0.56 reported by Xiao et al., 
(2014) and the latter is close to the ratio 0.33 reported by Xiao et al., (2016). 
Similarly, tensile strength is also a representative value of structure. Pan et al., 
(2016) reported that tensile strength is approximately 0.13 time the unconfined 
compressive strength qu (Eq. 5.8). In this study, the following will be assumed 
𝑝′py ≈ 0.62𝑞𝑢                                                  (5.6) 
𝐶i ≈ 0.36𝑞𝑢                                                      (5.7) 
𝜎t ≈ 0.13𝑞𝑢                                                     (5.8) 
As indicated by Eqs. 3.52 & 3.16, the stress-free initial stiffness, i.e. 
at zero mean effective stress, can be related to the tensile strength, specific 
volume and ?̅? (modified swelling index, Pan et al. 2016). If the initial specific 
volume V0 and modified swelling index ?̅? are constant, the initial stiffness is 
proportional to tensile strength 𝜎t  and therefore to the unconfined 





(2015), Namikawa and Koseki, (2013) and Bruce et al., (2013).  
In summary, the randomized parameters in this study are the tensile 
strength 𝜎t, the primary yield stress 𝑝′py and the initial cohesion value 𝐶i. In 
sum, the reference values of parameters are listed in Table 5.1. It should be 
noted the strength parameters of cement treated Singapore marine clay 
increases with curing period (e.g. Xiao et al., 2014). In engineering design, 
the strength data 28-day cored specimens is recommended as it can be 
obtained in time and it is on a moderately conservative side (Xiao and Lee, 
2008). 
5.2.2 Statistical Characteristics of Random Variable 
In single-variate random finite element analysis studies, a “basic” random 
variable is usually selected and other parameters are obtained by empirical or 
assumed relations. Basic random variables usually include elastic modulus 
(e.g. Paice, et al., 1996; Fenton and Griffiths, 2002), cohesion or friction angle 
(e.g. Fenton and Griffiths, 2003), unconfined compressive strength (e.g. 
Namikawa and Koseki, 2013; Liu, et al., 2015) or undrained shear strength 
(e.g. Griffiths and Fenton, 2004; Nobahar and Popescu, 2001; Ching and 
Phoon, 2013). In this study, the unconfined compressive strength is used as the 
basic random parameter. This is partly because unconfined compressive tests 
of cored samples are routinely carried out in quality control of cement-treated 
soils. Thus the data of unconfined compressive strength is likely to be much 
more abundant than other values. As mentioned above, other parameters can 
be determined by correlation with unconfined compressive strength. 
(1) Mean Value (qu-ave) 





soil is denoted as qu-ave. This value characterize the statistical feature of the 
material field. Chen et al., (2011) reported that the range of unconfined 
compressive strength of cored cement treated specimen ranges from 1 to 4 
MPa. Liu et al., (2015) adopted an average unconfined compressive strength 
of 2.86 MPa. Namikawa and Koseki (2013) used an average value of 1.7 MPa. 
In this study, the mean value of unconfined compressive strength of cement-
admixed Singapore marine clay is assumed to be 1.7 MPa. The results would 
be normalized by this mean value. 
(2) Coefficient of Variation (Input COV) 
The coefficient of variation of the material strength is herein called input 
COV. In reality, this input COV refers to the point COV of material and the 
COV of cored specimen may underestimate the real point COV due to local 
average effect. However, as will be shown in Section 5.3.2, the COV of cored 
samples is close to the point COV. 
The reported coefficient of variation (COV) in strength of the improved soil 
typically ranges from 0.2 to 0.6 (Honjo, 1982, Namikawa and Koseki, 2013). 
The field data of Singapore’s Marina Bay Financial Centre (MBFC) project 
(Chen et al., 2011; Liu et al., 2015) showed that the COV of unconfined 
compressive strength of cement treated marine clay cored samples is about 
0.41-0.46. In this study, the range of 0.2-0.4 is assumed. 
(3) Scale of Fluctuation (SOF) 
The SOF definition used herein follows that used by Honjo (1982) and is 
twice the autocorrelation length defined by Namikawa and Koseki (2015) due 
to different definition used. The range of SOF is very wide according to 





Naqshabandy et al., 2012; Namikawa and Koseki, 2013; Liu et al., 2015). 
However, most studies include the range of 0.2-8.0 m. Therefore, this range is 
considered in this study. 
(4) Probabilistic Distribution 
Two major probabilistic distributions are often used to characterize 
unconfined compressive strength of cement-admixed soil, i.e. (truncated) 
normal distribution (e.g. Namikawa and Koseki, 2013) and log-normal 
distribution (e.g. Kasama et al., 2012). More sophisticated distribution like 
beta-distribution is also used in a latest study (Liu et al., 2015). 
In this study, a truncated normal distribution of unconfined compressive 
strength with squared autocorrelation structure is simulated. This random field 
is generated in rectangular coordinate system, that is, the distance is measured 
in x, y and z directions. The result is then compared with Namikawa and 
Koseki (2013) and Liu et al., (2015) to investigate the effect of constitutive 
model to the statistic result.  
(5) Autocorrelation Function 
Squared exponential model is used in recent random finite element analysis 
studies (Liu et al., 2015) though linear exponential type autocorrelation 
functions are also used (Namikawa and Koseki, 2013; Ching and Phoon, 
2013): 
𝜌(∆ℎ,∆𝑣) = exp[−𝜋(∆ℎ/𝛿h)2 − 𝜋(∆𝑣/𝛿v)2]                          (5.9) 
where ∆ℎ and ∆𝑣 are horizontal and vertical distances from the interested 
point; 𝛿h  and 𝛿v  are horizontal and vertical SOFs. In this study, 𝛿h = 𝛿v  is 
adopted to represent a statistically homogeneous material. 





Spectral representation method (SRM) (Shinozuka, 1991) is used to 
generate random field. Sufficient mesh of numerical integration is used to 
avoid periodicity of SRM.  
5.3 Effect of spatial variability of uniaxial compression 
behaviour of cement-treated column 
5.3.1 Finite Element Setup 
(1) Dimension and Mesh Size 
Fig. 5.1 shows the three meshes which were used for the mesh study. The 
details (e.g. element number, average mesh size) of mesh size study are listed 
in Table 5.3. Since the material is spatially varying, a three-dimensional 
cylindrical model measuring 1 m in diameter and 2 m in height was adopted to 
model the column. The element used is a quadratic tetrahedron element with 
ten nodes and eleven integration points. The scale of fluctuation (SOF) will be 
normalized by the diameter of the column D. To test the mesh adequacy, three 
different mesh sizes are tried, as shown in Fig. 5.1 (a) - (c). The mesh study 
uses 100 realizations with input COV of 0.2 and SOF/D of 0.18, this being the 
lowest in this study. This SOF/D value was used in the mesh size study 
because it requires the finest mesh. The average global stress strain curves 
from 100 realizations are plotted in Fig. 5.2. The average global stress strain 
curves of the three mesh sizes are shown in Fig. 5.2. As can be observed, the 
average global stress-strain curves of Mesh 2 and Mesh 3 are very close while 
that of Mesh 1 is a little higher than the two curves.  
The peak global stress from each realization is termed hereafter as the 
global strength Q. Table 5.3 shows the mean global strength 𝑄� and the COV 





for Meshes 2 and 3 are very close to each other while those of Mesh 1 show 
greater differences. Therefore, to balance computation efficiency and accuracy, 
Mesh 2 is used as the standard mesh size. 
(2) Adequacy of number of realizations 
In this study, multiple realizations are used in Monte Carlo simulations to 
obtain a representative spectrum of results. To ensure convergence of 
statistical result from the first order to the second order (mean value and 
output COV), adequate realizations are required. Liu (2013) theoretically 
proved that the standard error of mean value and output COV of results are 
related to number of relationship and output COV. When output COV is lower 
than 0.4, the standard error of both mean value and output COV are both lower 
than 4% if 100 realizations are used. On the other hand, the convergence plots 
will be shown in each case. 
5.3.2 Results 
Fig. 5.3 shows the deviator strain contour and deformed mesh from one 
typical realization. The computed slip surface is consistent with those reported 
in two-dimensional random finite element analyses (e.g. Kim and Santamarina, 
2008; Ching and Phoon, 2013). Fig. 5.4 shows the stress strain curves of 100 
realizations for a case with input COV of 0.3 and SOF/D ratio of 0.9. The 
global stress-strain curves show clear evidence of strain softening. This differs 
from the corresponding global stress-strain curves computed using the Mohr-
Coulomb criterion which reach steady-state stress levels (Liu, 2013) and is 
consistent with the brittle behaviour of cement-admixed soil (e.g. Horpibulsuk 
et al., 2010; Arroyo et al., 2012; Xiao et al., 2016). 





symmetrically distributed about the mean global strength. The Kolmogorov-
Smirnov (K-S) test show that the null-hypothesis that the “standardized peak 
strength comes from a standard normal distribution” cannot be rejected at 5% 
significance level. The K-S test was also conducted on the distribution of 
global modulus which is the gradient of the linear portion of the global stress 
strain curve shown in Fig. 5.4(c). The result also shows that the null-
hypothesis that the “normalized global modulus comes from a standard normal 
distribution” cannot be rejected at 5% significance level. The average curve 
and 5th percentile curve are plotted, as shown in Fig. 5.4(a) (red curve and 
dash-dot curve). The convergence plot of both mean value and output COV in 
Fig. 5.4 (d) shows that the mean value and output COV generally converge in 
100 realizations.  
The statistical properties of the distributions of global strength of cases with 
different input COV and SOF are plotted in Fig. 5.5. As can be seen, the 
results computed using Xiao’s model are compared with those using Mohr-
Coulomb (Liu et al. 2015) as well as of Namikawa and Koseki (2013). The 
Mohr-Coulomb type model is widely used in random finite element analysis 
(e.g. Fenton and Griffiths, 2003; Suchomel and Masin, 2010; Liu et al., 2015). 
Following Liu et al. (2015) and Ching and Phoon (2013), the undrained shear 
strength is taken to be half the unconfined compressive strength while the 
friction angle is assumed to be zero. Following Lee et al.’s (2005) data from 
cement-admixed marine clay, the undrained Young’s modulus is assumed to 
be 140 times unconfined compressive strength. Similar ranges are available in 
Shen et al., (2013) for horizontal jet grouting (E = 90~120 𝑞𝑢) and Bruce et 





As Fig. 5.5 (a) and (b) shows, the trend from the three models are similar. 
In all cases, when the SOF is much smaller than the column diameter, the 
mean global strength approaches the deterministic value while the COV of the 
global strength approaches zero; indicating that there is a strong local 
averaging effect. It can also be observed that Xiao et al., (2016)’s model gives 
lower mean global strength than Mohr-Coulomb type model. This is mainly 
due to the strain-softening behaviour of Xiao et al., (2016)’s model. Before 
global peak strength, the weak zones soften early and the adjacent zones have 
to carry more loads and this accelerates the propagation of softened zones. As 
a result, by the time the global peak is reached, the early softened parts have 
already softened much from its local peak strength. In contrast, for the Mohr-
Coulomb type model which cannot model softening, the weak zones would 
still hold stress once yielded. As a result, the Mohr-Coulomb type model 
predicts a slightly higher mean global strength than Xiao et al., (2016)’s model.  
When SOF/D is very large, the mean global strength approaches the 
deterministic results because the phase difference between two distinct points 
in the column is very small and therefore in each realization, the column is 
almost homogeneous. Thus the mean global strength of all models converge to 
the input mean value of material strength and the COV of the global strength 
approaches the input COV. This is called a “statistically homogeneous state” 
(Fenton and Griffiths, 2008).  
For SOF much smaller than the column diameter, all three models show 
very similar trends. Furthermore when the SOF is much larger than the 
column diameter, Xiao’s and the Mohr-Coulomb models also give very 





is consistent with the notion of a statistically homogeneous column discussed 
above. It is, however, unclear as to why Namikawa and Koseki’s results did 
not approach the input COV. When the SOF is approximately 2 times the 
column diameter and input COV is 0.4, Xiao’s model lead to significantly 
larger output COV than the Mohr-Coulomb model and Namikawa and 
Koseki’s model. There are two main reasons, (1) as discussed above, the 
strain-softening behaviour makes the mean global strength predicted by Xiao 
et al. (2016)’s model lower than Mohr-Coulomb type model. Therefore even 
at the same level of standard deviation, the output COV would be larger. (2) at 
this SOF/D level, the size of weak zone is close to the diameter of the column. 
To visualize the size of weak zone, one realization of a two-dimensional 
random field with horizontal and vertical SOF of 2.0 m is generated on a 
rectangular field with width of 1.0 m and height of 2.0 m which are identical 
to the diameter and height of the column in this study (Fig. 5.6). As can be 
observed, the weak zone almost take up the lower part of the rectangle. When 
a strain-softening model is used, the large weak zones may lead to extremely 
low global strength as the local softening lead to a very early unloading in 
other parts of the column. Existence of such extreme values may make the 
standard deviation large. 
In design, a reasonably pessimistic value of the global strength is often 
adopted; a commonly used percentile is the 5th-percentile (e.g. Eurocode, CEN, 
2002). Since that the distribution of the global strength is approximately 
normally distributed, the 5th percentile can be shown to be approximately  
𝑄5 = 𝑄�  (1 − 1.645δ𝑄)      (5.10) 
where 𝑄5 R is the 5





correspond to the 5th-percentile (e.g. Namikawa 2015) and Liu et al. 2015). As 
Fig. 5.5 (c) shows, the 5th-percentile global strength obtained using Xiao’s 
model is generally lower than that calculated using Mohr Coulomb criterion 
with zero angle of friction. It should be noted that the Mohr Coulomb model 
used in this chapter is the original Mohr Coulomb model and is different from 
Liu et al. (2015) discussed in Chapter 6. There are mainly two reasons, (1) the 
mean global strength 𝑄� predicted by Xiao et al., (2016)’s model is lower than 
that of Mohr-Coloumb. (2) as discussed above, the output COV δ𝑄 calculated 
with Xiao’s model is generally higher than calculated with Mohr-Coulomb 
criterion. Hence, if the 5th-percentile strength is used, it may be prudent in 
design to factor it down slightly, by a mobilization factor of about 0.7 to 0.9 to 
account for the imperfection of the Mohr Coulomb model in representing 
material behaviour. 
5.3.3 Design Implications 
1) Existing Design Framework 
The current design practice requires that the unconfined compressive 
strength of all cored samples are higher than assumed design value. However, 
this is similar to the weakest link concept which is usually used in tensile 
fracturing of rock (e.g. Epstein, 1948; Nishimatsu, 1968). This design 
methodology is basically empirical and little is known about the relationship 
between failure probability and assumed design value. 
Namikawa (2015) defined the design strength of cement-treated sand under 
drained condition as, 






𝜇qu = mean strength of cored samples, 
𝑉qu = COV of cored samples. This is different from δQ which is the output 
COV of global peak strength. 
𝐾 = reliability index, 1.3 is used for 10th-percentile, this is similar to 𝛽 
𝐹c = representative strength of cored specimens in practical design 
procedures (e.g. CDIT 2002; Futaki and Tamura 2002), 
𝐹s = reduction factor to link the strength of cored specimen and global 
strength of column.  
The major concept of this design methodology (Eq. 5.11) is to prescribe a 
reduction factor (or factor of safety) on the design strength at cored specimen 
scale. Namikawa (2015)’s design concept is advantageous in that it is 
consistent with the existing design framework, i.e. one can simply apply a 
factor of safety to relate the widely-used design specimen strength (Fc) to the 
global behaviour of a column. The reduction factor Fs is likely to be 
dependent upon the mean global strength and the COV of the global strength. 
In this study, the influence of these two parameters on the design value will be 
explicitly reflected.  
2) Design Strength 
The fact that the output global strength follows near-normal distribution 
implies that the design value can be estimated given a desired probability of 
failure. An example of this approach was proposed by Liu et al., (2015). 
𝑄d = 𝐴𝑄𝑞u_ave(1 − 𝛽𝑝𝛿Q)  (5.12) 
where  
𝑄d - the design global strength; 





specimens. The mean value of unconfined compressive strength of cored 
specimens is an unbiased estimation of true mean value of strength. 
𝐴𝑄-reduction factor of global mean peak strength from mean strength of 
cored samples (𝐴Q = 𝑄�  /𝑞u_ave)R. It can be evaluated from Fig. 5.5(a) with 
Input COV and SOF. As discussed in 5.3.1, the Input COV can be roughly 
estimated as the COV of cored unconfined compressive strength. 
𝛿Q-the Output COV of global strength. It can be evaluated from Fig. 5.5(b) 
with Input COV level and SOF/D value.  
𝛽𝑝 - the reliability index factor which is related to percentile p. It can be 
calculated via (JCSS 2001) 
𝛽𝑝 = −Φ−1(−𝑝)    (5.13) 
where Φ is the cumulative distribution function and p is the failure 
probability. For example, 5 percentile gives a p of 0.05, then calculated 𝛽𝑝 is 
−1.645 from Eq. 5.13.  
The results of this study can be encapsulated in a design chart following 
that of Liu et al. (2015). This embodies a single design coefficient αQ, such 
that 
𝑄d = 𝑞u_ave(1 − 𝛼𝑄𝛿)   (5.14) 
Where 
 𝛿 = input COV, and 
𝛼𝑄 = 1−𝐴𝑄(1−𝛽𝑝𝛿𝑄)𝛿    (5.15) 
The value of 𝛼𝑄 can be determined from design graph in Fig. 5.7 based on 
the SOF and COV of unconfined compressive strength of cored samples. 





It is useful to find the Global modulus of the column considering the effect 
of random spatial variability. It can be observed from Fig. 5.4 that the pre-
peak parts of the curves are basically linear. Following Liu et al., (2015) the 
Global modulus of the linear portions for all realizations are also collected. 
The mean value, output COV and 5th percentile are plotted in Fig. 5.8. As can 
be observed, the trend of mean global modulus of cement treated column is 
similar to that of mean global strength though the reduction effect is not as 
significant as global strength. As the global modulus follows a near-normal 
distribution, the design global modulus that corresponds to 5th percentile 
response can be written as 
𝐸d = 𝐴𝐸𝐸ave(1 − 𝛽𝑝𝛿𝐸)     (5.16) 
where  
𝐸d - the design global modulus; 
𝐴𝐸  – the dimensionless ratio of mean global modulus over average 
Young’s modulus of cored specimens 
𝐸ave - the average Young’s modulus of cored specimens, this can be 
evaluated from unconfined compressive test;  
𝛿𝐸 - the output COV of global modulus, this can be evaluated from Fig. 
5.8. 
Alternatively, following Liu et al., (2015), the design value can be 
simplified to  
𝐸d = 𝐸ave(1 − 𝛼𝐸𝛿′)    
 (5.17) 
where 𝛿′ = input COV of Young’s modulus. According to the linear 





input COV of unconfined compressive strength is equal to that of Young’s 
modulus (𝛿′ = 𝛿). 
𝛼𝐸 = 1−𝐴(1−𝛽𝑝𝛿𝐸)𝛿′    (5.18) 
The value of 𝛼𝐸 can be determined from design graph in Fig. 5.9 based on 
the SOF and COV of unconfined compressive strength of cored samples. 
5.3.4 An Illustration Example 
1) Case Description 
Honjo (1982) reported that the COV of unconfined compressive strength of 
cored samples is about 0.21-0.36 and SOF is about 0.8-8.0. The diameter of 
the column is assumed to be 1.0 m. The estimated global strain is assumed to 
be 0.5%.  
2) Design Strength 
The input COV is about 0.21-0.36. For simplicity, input COV of 0.3 and 
SOF/D of about 1.0 are chosen. When 5% of failure probability is chosen, the 
reliability index 𝛽𝑝 is equal to 1.645. The reduction factor AQ=0.75 can be 
evaluated from Fig. 5.5 (a) when SOF varies from 0.8-8.0 times diameter of 
column. The output COV (𝛿Q) of 0.22 is evaluated from Fig. 5.5 (b). The 
design value can then be calculated to be 0.48 time mean value of cored 
unconfined compressive strength qu_ave via Eq. 5.12. Alternatively, one may 
also evaluate design coefficient 𝛼𝑄 of 1.7 from Fig. 5.7 give failure probability 
of 5% and input COV of 0.3. Then the design value can be calculated as 0.48 
time mean value of cored unconfined compressive strength qu_ave via Eq. 5.14. 
More SOF/D values can be tried to find the most pessimistic design value. The 
5th percentiles of all SOF/D cases are plotted in Fig. 5.5 (c). The most 





samples. This is lower than Honjo (1982)’s estimation (0.5-0.7 time of mean 
value of cored unconfined compressive strength qu_ave) because the most 
pessimistic SOF/D is considered. 
3) Design Modulus 
To generate a response that corresponds to the 5th percentile response of 
global behaviour, the stiffness reduction factor AE and output COV 𝛿𝐸 are 
evaluated from Fig. 5.8. In worst case, when SOF/D is about 4.0, the reduction 
factor AE and output COV 𝛿𝐸 are evaluated to be 0.93 and 0.30, respectively. 
This gives a design global modulus of 48% of average global modulus. 
Alternatively, one may also evaluate design coefficient 𝛼𝐸 of 1.75 from Fig. 
5.9 give failure probability of 5% and input COV of 0.3. Then the design 
value can be calculated as 48% of mean value of Young’s modulus of cement 
treated column Eave via Eq. 5.17.  
5.4 Conclusions 
In this chapter, an advanced constitutive model for cement-admixed soil is 
applied to random finite element analysis with its parameters randomized. The 
result shows that existence of spatial variability significantly discounts the 
global strength of cement-treated column from mean unconfined compressive 
strength of cored specimens. A “worst case” may be encountered as SOF is 
0.5~2 times the diameter of column. 
Xiao et al.(2016)’s model predicts lower mean value and 5th percentile of 
global strength. If 5th percentile is to be used as design value, a mobilization 
factor of 0.7-0.9 is recommended to consider the imperfection of the Mohr 
Coulomb model. 





provided for different desired reliability level. 
This chapter mainly deals with an axially loaded single column. In next 
chapter, a laterally loaded cement-treated slab consisting of about 160 cement 






Table 5.1 Reference values of all parameters 
Parameters ?̅? 𝜆r 𝑀 𝛼 𝛽 𝜇′ 𝑉0 𝜎𝑡 𝑝′py 𝐶𝑖 
Remarks Deter.* Deter. Deter. Deter. Deter. Deter. Deter. Rand.. Rand. Rand. 
Reference 
Case 0.01 0.25 2.56 2.38 0.28 0.2 2.85 - - - 
* “Deter.” means deterministic value and “Rand.” means random value 
 
Table 5.2  Common values for binder concentration calculation (Source: Chen et al., 2015) 
Parameter 𝐺c 𝜌 (g/cm
3) 𝜌w  (g/cm3) 𝑤 Value 3.15 1.56 1.0 70% 
 
Table 5.3 Effect of Mesh Size 
 Mesh 1 Mesh 2 Mesh 3 
Element Number 1326 5811 9385 
Average Element 
Size 
0.15 0.10 0.08 
Output Mean 
(MPa)* 
1.648 1.628 1.626 
Output COV** 0.0190 0.0203 0.0200 
* Output Mean is the mean value of the column’s peak strength of all realizations 







(a) Mesh 1    (b) Mesh 2    (c) Mesh 3 





Fig. 5.2 Comparison of average global stress strain curves of different mesh 
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Fig. 5.4 A typical group of results, (a) Global Stress Strain Curves (100 
realizations); (b) histogram of peak strength; (c) histogram of global modulus 






























































Deterministic result MC Input COV=0.2
MC Input COV=0.3 MC Input COV=0.4
Xiao Input COV=0.2 Xiao Input COV=0.3
Xiao Input COV=0.4 Namikawa Input COV=0.2









Fig. 5.5 Statistical Properties of peak global stress (a) mean value (b) Output 
COV (c) design factor (5th percentile) (MC stand for Mohr-Columb type 
model; Xiao indicates Xiao et al.(2016)’s model; Namikawa indicates 






















MC Input COV=0.2 MC Input COV=0.3
MC Input COV=0.4 Xiao Input COV=0.2
Xiao Input COV=0.3 Xiao Input COV=0.4






































Fig. 5.7 Design Chart for Global Strength (Curve colour distinguishes the input COV; line 
types distinguishes SOF/D; e.g. to find the design coefficient 𝛼𝑄 of a column with input COV 
= 0.3 and SOF/D= 0.5 at failure probability of 5%, one can find the blue curve with “ ” 

























































Fig. 5.9 Design Chart for Global Modulus (Curve colour distinguishes the input COV; line 
types distinguishes SOF/D; e.g. to find the design coefficient 𝛼𝐸 of a column with input COV 
= 0.3 and SOF/D= 0.5 at failure probability of 5%, one can find the blue curve with “ ” 







Chapter 6 Effect of Spatial Variability on 
Compressional Behaviour of Cement-Treated Soil Slab 
6.1 Introduction 
Deep excavation in urban areas involves the use of struts. Temporary 
struts can be installed above the excavated level after excavation. However, in 
soft soil conditions the maximum wall deflection occurs beneath the final 
excavation level (e.g. Tanaka 1993). One way to minimize the wall 
displacement is to pre-install contiguous cement-treated soil column so that 
the treated columns form a slab of improved soil (Nakawaga et al., 1996; Lee 
et al., 1998; Goh, 2003; O’Rourke and McGinn, 2006; Arroyo et al., 2012) 
embedded at desired depth beneath the ground level (Fig. 6.1a). The cement-
treated slab has been used widely in deep excavations in soft soil conditions 
(Gaba, 1990; Hsieh et al., 2003; Shirlaw, 2003; O’Rourke and McGinn, 2006). 
However, due to complex constitutive behaviours of cement-admixed clay (e.g. 
brittleness, strain softening) and existence of spatial variability, it is very 
difficult to predict or measure the true range of global behaviour of cement 
treated slab. One way to deal with uncertainty in engineering is to design very 
conservatively. A common design prescription in Singapore is to assume an 
undrained shear strength of 350 kPa and then treat the slab as a homogeneous 
layer. However, without an in-depth study on how the constitutive behaviour 
and spatial variability may affect the global behaviour, the resulting margin of 
safety of this prescription is uncertain.  
Arroyo et al., (2012) simulated a cement-treated soil slab in a deep 
excavation using the CASM (Clay and Sand Model) model (Yu, 1998), 





condition. However, Arroyo et al., (2012) simplified the treated soil as a 
homogeneous layer in plane strain scenario. Thus the spatial variability cannot 
be readily considered.  
Yang et al., (2011) simulated a cement-treated soil slab with closely 
spaced deep mixed columns. The effect of heterogeneity on global behaviour 
of treated soil is examined. Ignat et al., (2015) also simulated a cement-treated 
soil slab as a strut in both 2D and 3D scenarios and the effect of spacing is 
carefully examined. However, in both studies, the constitutive model 
employed in that study is a Mohr-Coulomb type model. According to Hight et 
al., (2004) and Arroyo et al., (2012), this model cannot readily model the 
brittle behaviour of cement-treated soil in undrained condition (Xiao et al., 
2014). Moreover, the random spatially variation in properties is not readily 
considered in these deterministic studies. 
Liu et al., (2015) simulated a three-dimensional cement-treated slab 
with random spatial variability. Their results showed that the positioning error 
is a major factor that discount the global behaviour of treated slab from 
average cored strength. However, a Mohr-Coulomb type model with Method 
C (total stress strength and stiffness parameters) was employed. To date, there 
is little or no work on the modelling a cement treated slab while considering 
both complex constitutive behaviour and random factors at the same time. In 
this Chapter, the randomized version of Xiao et al.’s (2016) model discussed 
in Chapter 5 will be used to study the cement-treated soil slab problem. 





(1) Explore the behaviour of cement-treated soil in deterministic 
scenario and compare the results obtained from Mohr-Coulomb type model 
and Xiao’s model (Xiao et al., 2016). 
(2) Investigate the effect of spatial variability on undrained 
compression behaviour of slab. The result would be compared with Liu et al., 
(2015). 
(3) Provide guidelines for both global strength and stiffness based on 
calculated results. 
6.2 Problem Description and Model Setup 
6.2.1 Problem Description 
As shown in Fig. 6.1, the slab is subjected to lateral loading due to 
movement of retaining wall. Following Liu et al. (2015), the dimensions of 
cement-treated slab are 14D × 10D × 4D/3 (length × width × depth), where D 
is the diameter of a treated soil column. In deterministic analysis, the material 
is the same along the vertical direction. The scale of 14D × 10D is chosen 
because it covers sufficient number of columns (approximately 140) to give a 
representative mean value and output COV (Liu, 2013). As a result, the result 
is the same when thicker slab is simulated. In random analysis, the SOF in 
vertical direction is much longer than the thickness of the slab and the 
variation in vertical direction is very limited. The diameter of column in this 
section is 1.5 m. Two types of boundaries are simulated, i.e. confined and 
unconfined, as shown in Fig 6.1(b)(c). The confined case corresponds to a 
scenario where the whole excavated area is treated (Fig. 6.1b), the boundary 
condition in Fig. 6.1d. On the contrary, the unconfined case corresponds to a 





Fig. 6.1e. Although the treated slab may be subjected to bending due to 
swelling of underlying soil, the bending would not be significant unless the 
excavation is close to the treatment level. The effect of such bending will be 
addressed in future work.  
6.2.2 Finite Element Setup 
In accordance with engineering practice, the improved soil layer is 
assumed to consist of overlapping cement-treated columns. The material 
property are assumed to vary from point to point inside the column boundary. 
Following Liu et al. (2015), a deterministic radial trend is assumed (Larsson et 
al., 2005), together with superimposed stochastic variation and random 
positioning error. Untreated zones which may exist between adjacent columns 
are assumed to comprise “natural clay”. This ignores the possibility of some 
“spillovers” of cement slurry or thixotropic hardening (Shen et al., 2008) of 
untreated soil beyond column boundary.  
There are two ways to simulate spatial variability of treated ground 
with columnar structure. The first one is a “group-level” material assignment. 
In this way, the whole model are divided into pre-setup groups and the 
material properties are assigned correspondingly. Yang (2009) sub-divided the 
treated ground into two groups, i.e. strong group and weak group. Undrained 
strength of 1500 kPa and 300 kPa were assigned to the strong and weak 
groups, respectively. However, in random conditions especially with 
positioning error, the mesh would be different for every realization. On the 
other hand, in a treated ground with overlapping, the boundary between 
treated and untreated zones are actually very difficult to define as the column 





is an “integration-point-level” material assignment (Liu, 2013; Liu et al., 
2015). This is also used in Chapter 5. In this way, the material can be assigned 
to each integration point based on coordinates. By doing this, a smoother 
material variation is possible and a unified mesh grid can be used for different 
realizations of treated ground with positioning error. Liu et al., (2016) verified 
the “integration-point-level” material assignment and found it reliable for 
simulation of treated ground. The “integration-point-level” material 
assignment is a FEA treatment and is not related to constitutive model. In this 
study, the “integration-point-level” material assignment is adopted.  
GEOFEA 9.0 only has tetrahedral element for 3D analysis. However, 
usage of tetrahedron element leads to a very huge mesh. For a typical slab 
with dimensions of 15 m X 21 m X 2 m (Liu et al., 2015) and average mesh 
size of 0.3 m, 160,000 tetrahedron elements are involved. The major reason 
for the large number of element is that the vertical mesh size is the same as 
horizontal mesh size to keep an aspect ratio of 1.0 though a coarser vertical 
mesh size is adequate due to the much longer SOF in vertical direction than in 
horizontal direction. With this mesh size, one realization of typical calculation 
takes more than 20 days. This is much longer than the 2-hour duration in Liu 
(2013) and Liu et al., (2015). There are five major reasons for this difference.  
1) The vertical mesh size in Liu (2013) is 3 times longer than 
horizontal directions. In contrast, in the present study, the vertical and 
horizontal mesh size is the same due to the fixed aspect ratio of 1. This makes 





2) Liu (2013) used 8-noded brick element with reduced integration 
point (only one integration point in one element) while 10-node tetrahedron 
element with 11 integration points are employed.  
3) Liu (2013)’s analysis is a total stress analysis while this section is an 
effective stress analysis in which pore pressure is calculated and restored.  
4) The model in Liu (2013) is essentially a Mohr-Coulomb type model. 
On the other hand, Xiao’s model (Xiao et al., 2016) is a much more complex 
model which can undergo hardening and softening and requires long 
computational time to generate the stress-strain behaviour.  
5) Liu’s (2013) analysis uses explicit time integration. Although the 
required time step size is much smaller, each step requires much less time to 
complete since there is no necessity to invert the stiffness matrix. GeoFEA 
uses implicit time integration, which is commonly used for static analysis but 
takes longer to run. The advantage is that implicit analysis generally give 
much smoother load-displacement response (e.g. Wang et al. 2015).  
It was found that the solver code of GeoFEA actually has option for 
20-noded brick element though this option was not provided by the user 
interface. Since the shape and boundary conditions for the slab problem are 
very regular, the input files were first generated using MATLAB (2015a). The 
input files were then copied to result folder and rerun directly using the solver 
instead of the integrated user interface, the results was then output using user-
defined output files. In this section, 20-node linear-strain brick element is used. 
In each element, there are 27 integration points. The size of element in 
horizontal and vertical directions are 0.2 m and 1.0 m, respectively. This is a 





0.15 m and 0.67 m in horizontal and vertical directions. Nevertheless, with the 
linear-strain element [compared to constant-strain element in Liu (2013)], and 
integration-point-scale property assignment (3X3X3 integration points in 1 
element), the coarser mesh size can be compensated. The element number is 
reduced to 15750 after brick element is used. 
Both the treated and untreated zones are simulated by Xiao’s model. 
The randomization of parameters is described in Section 5.2.2. For untreated 
clay, the cohesion is very low and when it degrades to zero, its behaviour is 
more like a Modified Cam Clay model. This is not surprising since the Xiao’s 
model is modified from Modified Cam Clay model. 
6.3 Deterministic analysis 
6.3.1 Presentation of Results 
In design, it is very difficult for the engineers to do simulation with the 
complex columnar structure and advanced constitutive model. Practically, the 
practitioners usually use simple constitutive models such as elastic perfect 
plastic model with Mohr-Coulomb or Tresca criterion and assumes that the 
treated layer is homogeneous. This gives rise to the idea of simplifying the 
result into two values, i.e. global strength and global modulus. Following Liu 
et al., (2015), the global strength and modulus are evaluated from the global 
stress strain curve (Fig. 6.2). The global strength refers to the peak strength of 
the global stress strain curve. It is then normalized by the volumetric mean 
value of strength (qu_ave) of a column. On the other hand, the global modulus 
reflects the Young’s modulus of an equivalent homogeneous slab. For 





curve. For confined slab, the global modulus should be multiplied by (1-v2) to 
consider the effect of confined boundary.  
6.3.2 Model verification 
Liu et al. (2015) simulated a treated slab with columnar structure. The 
constitutive model used in Liu et al. (2015) was an elastio-plastic model with a 
cohesion equal to half the unconfined compressive strength and a friction 
angle of zero. This model also assumed a fixed cohesion reduction rate to 
simulate the softening effect, which is different from the original Mohr-
Coulomb model used in Chapter 5. The dimensions and boundary conditions 
are shown in Fig. 6.1. A similar slab is modelled in this study. The parameters 
for reference case of deterministic study are listed in Table 6.1. The major 
difference between this study and Liu et al. (2015) is the constitutive model. 
The volumetric mean value of unconfined compressive strength in this study is 
1700 kPa which is lower than the value of 2.86 MPa used in Liu et al., (2015). 
However, the result can be normalized by the mean value. 
To facilitate comparison, unconfined compression test was simulated 
using both models. As Fig. 6.3(a) shows, with the parameters in Table 5.1, the 
pre-peak stress-strain curve of Xiao’s model almost identical to Liu et al.’s 
(2015) Mohr-Coulomb result. Then a homogeneous slab with no columnar 
structure is also simulated to see how the difference in boundary conditions 
would affect the result. Fig. 6.3(b) shows that the global strength of confined 
slab using Xiao’s model is about 15% higher than unconfined compressive 
strength while the global strength for other three cases are all equal to 
unconfined compressive strength. This can be attributed to two reasons. Firstly, 





Hence, any increase in mean effective strength arising from lateral 
compression is not considered. Xiao’s model is an effective strength model 
which considers the increase in mean effective stress. Secondly, Xiao’s model 
uses a circular generalization (i.e. circle on the π-plane) whereas the Mohr-
coulomb uses a hexagonal generalization (i.e. hexagon on the π-plane). By 
adjusting the triaxial strength of both models to be equal, the maximum 
deviator stress on the triaxial plane is reproduced; this is also the plane in 
which the Mohr-Coulomb model has the highest yield strength. However, in 
lateral compression such as that in the case of the slab, the loading is non-
triaxial and Mohr-Coulomb’s hexagonal generalization results in a lower 
strength.  
As Figs. 6.4 (a)(b)(c)(d) illustrates, two types of columnar structure are 
considered. The normalized global stress strain curves are shown in Fig. 6.5 
for both confined and unconfined cases. As can be seen, Xiao’s model returns 
a slightly higher global strength than in Liu (2013) for confined case while for 
unconfined case, the result calculated with both models are almost the same. 
The reason for this has been explained above. On the other hand, a sharper 
softening can be observed in results calculated with Xiao’s model compared to 
Liu et al., (2015). This is expected since the softening in Xiao’s model predicts 
a less gradual softening as strain increases (Fig. 6.2).  
6.3.3 Parametric Study 
Liu (2013) considered the effect of strain-softening model, layout 
pattern, radial trend, overlapping distance and overburden pressure. Most of 
these factors are only related to geometrical dimensions (e.g. layout pattern, 





condition has been discussed in 6.3.1. Liu (2013) reported that the confining 
pressure has little effect on the global strength and stiffness. This is partly 
because the Mohr-Coulomb type model with zero friction angle gives the 
same result for different confining stress. On the other hand, due to the 
limitation of total stress analysis, Liu (2013) was not able to examine the 
effect of drainage condition. In this section, the effect of confining pressure 
and drainage condition is examined.  
(1) Effect of layout 
The rectangular (e.g. Kawasaki et al., 1984; Yoshida, 1996; Porbaha, 
2000) and triangular (Noda et al., 1996; Yang, 2009) columnar layouts are 
investigated herein. To make a fair comparison, the overlapping distance of 
the two layouts are adjusted so that both layouts have the same number of 
cement-treated columns; that is the same columnar density. As can be 
observed in Fig. 6.6, the layout 2 is generally stiffer and has a higher strength 
than layout 1. This is attributed to the fact that layout 2 has smaller untreated 
area and larger contact area than layout 1. The effect of this (layout) and other 
factors on normalized global strength and modulus are summarized in Table 
6.2 and Table 6.3, respectively. 
 (2) Effect of overburden pressure 
The effect of overburden pressure is studied herein by varying the 
overburden pressure from 0 to 320 kPa, corresponding to a depth of 0 to 20 m. 
This implies a range of effective overburden pressure of about 0-120 kPa. As 
Fig. 6.7 shows, the increase in effective confining pressure has the effect of 
increasing the pre-yielding stiffness of the slab. This can be explained by the 





swelling line (Pan et al., 2016). This can be readily shown to give an effective 
stress-dependent bulk modulus K’ via the relation 
𝐾′ = �𝑝′+𝜎𝛼�𝑉
𝜅�
      (6.1) 
In which p’ is the mean effective stress, v the specific volume, 𝜎𝑡 the 
tensile strength and ?̅? is the modified swelling index. However, in engineering 
practice, the compression of the slab generally only occur after considerable 
overlying soil is excavated. The overburden pressure may be very low in the 
last stage.  
 (3) Effect of drainage condition 
The period of excavation usually last for months. Although the slab 
may be surrounded by very thick marine clays which are basically undrained, 
the slab itself is very stiff and therefore the drainage inside the slab may be 
possible. The permeability coefficient of cement-admixed soil is about 10-9 to 
10-11 m/s (Chin, 2005), and the unconfined compressive strength is about 1.7 
MPa. The length of the drainage path can be set to be equal to the columnar 
spacing of 1.26 m, considering that drainage can occur between adjacent 
columns. Assuming an excavation time of 6 months, the dimensionless time 
factor T ranges from 6.6~658 (Table 6.4). This indicates that the local 
drainage among adjacent columns is possible in a half-year excavation, 
primarily owing to the high modulus of the treated-clay.  
In coupled-consolidation analysis, the permeability of 10-10 m/s (Chin, 
2005) is used. All the six faces of the slab are set impermeable to consider the 
effect of thick marine clay layer, which is basically undrained. This means that 
the excess pore pressure can only drain inside the slab and cannot dissipate via 





The undrained analysis has already been performed. To facilitate 
comparison of different drainage conditions, the drained analysis is also 
investigated. Fig. 6.8 compares three different drainage conditions, i.e. 
undrained, consolidation for 180 days and drained condition. Compared to the 
softening of undrained result, the drained result shows a gradual hardening. 
This is consistent with Xiao et al., (2016)’s observation that the hardening 
process of sample was maintained even at very large strains. This implies that 
the in drained condition one should pay more attention on deformation of slab. 
The result of consolidation analysis (180 days) is roughly between drained and 
undrained result. It does not show clear softening nor hardening after global 
yielding and its behaviour can be roughly simulated by a Mohr-Coulomb type 
model with zero friction angle. This may be due to the neutralization of both 
drained (hardening) and undrained (softening) behaviour inside the slab. 
6.4 Random Finite Element Analysis 
Liu et al.’s (2015) random analysis investigated the effect of many 
factors, i.e. stochastic spatial variation in strength (mean, COV, SOF and 
skewness of cored unconfined compressive strength) and positioning error 
(maximum value and SOF). It was found that the coefficient of variation of 
strength and positioning-error are major factors. In this section, the effect of 
these two factors will be re-examined. 
6.4.1 Model Setup 






1) Random variation in unconfined compressive strength is 
superimposed onto the deterministic trend. This is to consider the 
randomness of material inside a scope of one column.  
2) The positioning error is superimposed. The positioning error is 
contributed by the positioning inaccuracy and off-vertically of the 
deep mixing machine. The off-verticality increases with 
embedment depth of the treated layer.  
Random Fluctuation.  
The random fluctuation comprises of three parts, COV, SOF and 
marginal distribution. In this section, the marginal beta distribution is used 
with the dimensionless parameters COV, skewness and kurtosis being 
calibrated in Liu et al., (2015). A COV of 0.4 was assumed and the SOF along 
radial, circumferential and vertical directions are 𝑅/3,𝜋/4 and 5R as they 
were found to be within the range of Larsson (2005) and Honjo (1982). 
Yuen’s (2016) cored sample data from the Marina Coastal Expressway (MCE) 
and the Northeast Line Extension showed that the COV of the core strength 
data lies between 0.37 and 0.47. Hence, the assumed COV is not unrealistic. 
The shape factors of PDF of unconfined compressive strength are obtained 
according to Marina Bay Financial Centre (MBFC) project (Liu et al., 2015).  
The deterministic trend follows the reference case in Table 6.1 and the 
parameter choices of random reference case in random scenario are listed 
Table 6.5. The confined case is used because deep excavations in Singapore 
are generally full treated. The random field employed to simulate the property 
field is a cylindrical random field. The SOFs are in radial, circumferential and 





finite element studies (e.g. Namikawa and Koseki, 2013; Namikawa, 2015). 
The columnar random field is reasonable since the cement treated soil in this 
study is column fashion and they are installed by rotating blades. The 
Modified Linear Estimation Method (Liu et al., 2014) is employed to generate 
this random field with marginal beta field. 
Positioning Error.  
In Liu et al., (2015), the positioning error comprises of two variables, 
i.e. radial deviation and deviation angle (Fig. 6.9 a). It was assumed in Liu et 
al., (2015) that the deviation distance and deviation angle follow a two-
dimension bi-variate random field with marginal PDF of uniform distribution 
and squared autocorrelation function. The maximum radial deviation is D/4 (D 
is 1.5 m in this study). This corresponds to a case where the embedment depth 
is about 20 m and the maximum allowable off-verticality is 1:75 (Singapore 
Standard, 2003).  
The SOF of positioning error was also used to simulate the fact that the 
positioning errors (radial deviation and deviation angle) of adjacent columns 
are similar. It can also be used to simulate the multi-shaft mixing where a row 
of typical 2~3 columns are mixed at the same time. This is because the 
difference inside one flight of mixing is small compared to the difference 
among different flights. In cases where multi-shaft deep mixing machines are 
used, the relative error within one flight is small while the difference between 
different flights is more apparent. Following Liu et al. (2015), a longer SOF 
along the axis of multi-shaft of deep mixing machine was employed (Fig. 6.9 





As can be observed, the effect of longer SOF in y direction result in more 
strip-shaped untreated zones parallel to the y-direction. 
The parameters for the reference case is shown in Table 6.5. Apart 
from the constitutive model and the mean unconfined compressive strength all 
other parameters are the same as those of Liu et al. (2015) to facilitate 
comparison. The mean unconfined compressive strength in this study is 1.7 
MPa whereas Liu et al. (2015) assumed 2.86MPa; but by normalizing the 
results with respect to the mean unconfined compressive strength, the effect of 
the difference in mean strength can be eliminated. 
6.4.2 Typical realizations 
The unconfined compressive strength for a random realization is 
shown in Fig. 6.10. A typical spread of global stress strain curves of treated 
slab (parameters are identical to reference case in Table 6.5) are shown in Fig. 
6.11(a). The white dots indicate the peak global peak strength, which may not 
be achieved at the same global strain level due to the random distribution of 
material properties. The empirical histogram of peak values is plotted in Fig. 
6.11 (b). The distribution of the global mobilized strength are standardized by 
the mean and standard deviation and then a K-S test is also done on the data 
with null-hypothesis that the standardized data follows a standard normal 
distribution with 5% confidence interval. The P-value indicates that the null-
hypothesis cannot be rejected with 5% confidence interval. Therefore it is 
assumed that the result of stress points follow a near-normal distribution. 
Similar assumptions are available in Liu et al., (2015) and Namikawa (2015). 
Similarly, the global moduli (E) of all random cases are also evaluated. Fig. 





S test is done on the standardized data with null-hypothesis that the 
standardized data follows a standardized normal distribution with 5% interval. 
The P-value indicates that the null-hypothesis cannot be rejected with 5% 
confidence interval. The convergence plot in Fig. 6.11 (d) shows that the mean 
value and output COV can converge in 100 realizations. 
6.4.3 Effect of Positioning Error  
The positioning error in this study varies between 0 and 0.35 times the 
column diameter.  
Fig. 6.12 shows the spread of global stress strain curves of two extreme 
conditions, i.e. zero positioning error and positioning error=0.35 time column 
diameter. When positioning error is zero, the randomness arise from the 
random fluctuation of material only. The spread of pre-peak global stress 
strain curves is very narrow. In contrast, the spread has been wide even at pre-
peak stage while the positioning error is large (0.35 time column diameter). 
This indicates that the random fluctuation only has very limited effect on the 
pre-peak behaviour of treated slab, which is consistent with Liu et al., (2015). 
The post-peak stress strain curves of the cases with zero positioning error 
soften much faster than that with large positioning error (d/D=0.35). This is 
mainly because when the positioning error is small, many locations fail 
concurrently giving rise to a more brittle failure than when the positioning 
error is large. 
Fig. 6.13(a) shows the average, 5th percentile and output COV of the 
peak global mobilized stress , together with Liu et al.’s (2015) result. As can 
be seen, the results obtained using Xiao’s model (Xiao et al., 2016) and Liu et 





percentiles calculated with Xiao’s model (Xiao et al., 2016) are 10% larger 
than Liu et al.’s (2015) result when positioning error is zero. This is close to 
deterministic case as random fluctuation has little effect on global behaviour 
of treated slab. However, when positioning error increases, the mean value and 
5th percentile calculated using Xiao et al., (2016)’s model drop much faster 
than Mohr Coulomb model with zero friction angle. This may be attributive to 
the strain-softening behaviour of Xiao et al., (2016)’s model, i.e. the softening 
may accelerate the formation of failure slip and this effect is magnified by the 
size of weak zone. This shows that in terms of global strength, the use of Mohr 
Coulomb model with zero angle of friction is generally conservative when 
positioning error is low but the extent of conservativeness diminishes with 
positioning error.  
The ratio of average global mobilized peak strength evaluated using 
Xiao’s model to that reported by Liu et al., (2015) are summarized in Table 
6.6. As can be seen, the strength ratio decreases with positioning error, 
indicating that Xiao et al., (2016)’s model is more sensitive to increase in 
positioning error than Mohr Coulomb model. 
Although the global mobilized peak strength predicted using Xiao’s 
model is about 10~15% higher than Liu et al.’s (2015) results, the computed 
rate of post-peak softening is also higher. In other words, when the global 
strain is sufficiently large, Liu et al., (2015)’s result may not be conservative.  
The COV of the global mobilized peak stress, hereafter termed output 
COV, are also in close agreement for small positioning error. However, when 
positioning error is large, the output COV is higher than Liu et al., (2016). 





finding in column problem in Section 5.3.2, softening model is more likely to 
generate extremely low results than non-softening models as the stronger 
zones are more quickly mobilized when weaker zones are able to soften. 
Existence of such extremely low realizations increases the standard deviation 
and reduces the mean value, both of which may increase the output COV. This 
effect is magnified when the size of weak zone (positioning error) increases. 
6.4.4 Effect of Input COV 
Liu et al. (2015) found that the average value of global strength 
decrease with COV of the core strength distribution, hereafter termed input 
COV. The effect of the input COV is also examined in this study. As Fig. 6.14 
shows, the variation of global mobilized peak stress with input COV follows 
the same trend as that of Liu et al. (2015) except that it is consistently higher 
by about 5-10%. The output COV is almost constant (though a very slightly 
increase is observed) with increasing input COV, this being consistent with 
Chapter 5 and Namikawa and Koseki (2013).  
6.4.5 Effect of Drainage Condition  
As discussed above, in deterministic analysis (Section 6.3), when 
consolidation out towards column boundary or full drainage of excess pore 
pressure is allowed, the global stress strain behaviour is more ductile. In 
random scenario, the coupled consolidation analysis and drained analysis set 
in Section 6.3 are also used for reference case. Fig. 6.15 compares the spread 
of undrained, coupled consolidation (180 days) and drained results. Similar to 
deterministic result, the undrained reference case shows distinct global peak 
strength whereas the correspondent drained results show hardening with 





results which show peak strength in undrained test but strain hardening 
behaviour in drained test. The coupled consolidation analysis result in random 
scenario is a little different from its deterministic result in that it shows a clear 
hardening. This may be due to the hardening of the large weak zones (Fig. 
6.10) caused by positioning error. This implies that for long time excavation, 
excessive deformation instead of global failure may be the major issue.  
6.5 A Possible Design Framework 
6.5.1 Effect on Liu’s (2013) design strength framework 
Liu (2013) proposed a design value of the unconfined compressive 
strength considering the effect of spatial variability: Q𝑑 = 𝑄�����(1−𝛽𝛿Q)1.1      (6.2) 
where  
𝑄𝑑 is the design srength, 
𝑄���� = Mean global peak strength obtained from 6.5.1. 𝑄���� = 𝐴𝑞u_ave 
A = dimensionless ratio of global strength to average unconfined 
compressive strength  from cored samples. 𝐴 = 0.62𝜂1𝜂2𝜂3𝜂4𝜂5. The 
constant 0.62 was the dimensionless ratio of reference case.  
𝜂1= effect of input COV on mean global strength 
𝜂2= effect of column spacing on mean global strength 
𝜂3 = effect of positioning error on mean global strength 
𝜂4 = effect of strain-softening extent on mean global strength 
𝜂5 = effect of Poisson’s ratio on mean global strength 
𝑞u_ave = average unconfined compressive strength from cored samples  





𝛿Q = the output COV of global strength  
The factor of 1.1 is introduced to compensate for error arising from the 
limited number of realizations.  
There are several major difference between design scheme of this 
study and Liu et al (2016)’s study. 1) the dimensionless ratio of reference case 
in this study is 0.65 while the counterpart in Liu et al.(2016) is 0.62. 2) In Liu 
et al.(2016) the strain softening is simulated by exerting an assumed rate of 
cohesion reduction with strain while in this study, Xiao's model is developed 
based on test data with a wide range of cement content and is able to reflect 
the degradation of structure of cement treated clay. This means that the effect 
of strain softening has already been considered in the constant of 
dimensionless ratio of reference case (0.65) and other parameters (e.g. 
parameter considering positioning error). Therefore, the parameter considering 
strain softening (𝜂4) is not necessary in this study. 3) the Poisson’s ratio 
corresponding to parameter 𝜂5 is the total stress Poisson’s ratio and is 
irrelevant to this study. Therefore, the parameter considering total stress 
Poisson’s ratio (𝜂5) is not necessary in this study. As a result, the A value is 
written as  
𝐴𝑄 = 0.65𝜂1𝜂2𝜂3    (6.3) 
The parameter considering column spacing 𝜂2 can be evaluated from 
Table 6.2 and parameter considering input COV (𝜂1) and positioning error (𝜂3) 
as well as output COV (𝛿Q) can be evaluated from Table 6.6. For example, if 
the real center-to-center distance of a rectangular layout is about 0.90, then the 
parameter considering column spacing 𝜂2 should be 0.89/1.04, that is 0.856. If 





smaller than reference case, the parameter considering column spacing should 
be larger than 1. However, as a conservative measure, the parameter should be 
taken as 1. 
Following Chapter 5 and Liu et al.(2015), the results of this study can 
be encapsulated in a design chart and this gives a single design coefficient α𝑄, Q𝑑 = 𝑞u_ave(1 − α𝑄𝛿)   (6.4) 
where 𝛿 is the COV of unconfined compressive strength of cored 
sample, and  
α𝑄 = 1−𝐴𝑄(1−𝛽𝑝𝛿𝑄)/1.1𝛿    (6.5) 
The design coefficient α𝑄 can be evaluated from Fig. 6.16 (a). 
6.5.2 Design Global modulus 
Following Liu et al., (2015) the global modulus of the linear portions for all 
realizations are also collected. The mean value, output COV and 5th percentile 
are plotted in Fig. 5.9. As can be observed, the trend of mean global modulus 
of cement treated column is similar to that of mean global strength though the 
reduction effect is not as significant as global strength. As the global modulus 
follows a near-normal distribution, the design global modulus that corresponds 
to 5th percentile response can be written as 
𝐸𝑑 = 𝐴E𝐸ave(1 − 𝐸𝑝𝛿𝐸)   (6.6) 
where 
𝐸𝑑 - the design global modulus;  
𝐴E - the dimensionless ratio of mean global modulus over average 





𝐸ave- the volumetric average Young’s modulus, this can be obtained 
by the linear relationship with the unconfined compressive strength; In this 
study, 𝐸ave = 140𝑞u_ave. 
𝛿𝐸  - the output COV of global modulus. 
Following the above discussion,  
𝐴𝐸 = 0.80𝜂1′𝜂2′𝜂3′    (6.7) 
where  
𝜂1′= effect of input COV on mean global modulus, it can be evaluated 
from Table 6.7; 
𝜂2′= effect of column spacing on mean global modulus, it can be 
evaluated from Table 6.3; 
𝜂3′ = effect of positioning error on mean global modulus, it can be 
evaluated from Table 6.7. 
Alternatively, the results of this study can be encapsulated into one 
design coefficient 𝛼𝐸, such that  
𝐸𝑑 = 𝐸ave(1 − 𝛼𝐸𝛿′)    (6.8) 
Where 𝛿′ - input COV of Young’s modulus. It should be noted that the 
input COV of Young’s modulus (𝛿′) is identical to that of unconfined 
compressive strength (𝛿) according to the linear relationship, and 
𝛼𝐸 = 1−𝐴𝐸(1−𝛽𝑝𝛿𝐸)/1.1𝛿′     (6.9) 
 The design coefficient α𝐸  can be evaluated from Fig. 6.16 (b). 
6.6 Summary 
The compressional behaviour of a three-dimensional treated slab is 





effect of boundary condition, layout, confining pressure, drainage condition 
and column spacing were examined. There are several new findings compared 
to Liu et al.(2015). 1) it was found that the global strength of confined slab is 
about 10% higher than unconfined slab. 2) the initial global modulus increases 
with confining pressure. 3) When consolidation is possible and long-term 
excavation is simulated, a monotonic hardening can be observed. 
The effect of random fluctuation of material strength and positioning 
error on global behaviour of slab is also examined. The results calculated 
using Xiao’s model are compared with Liu et al., (2015) which is modeled 
using a Mohr-Coulomb type model with zero friction angle. The comparison 
shows that Mohr-Coulomb type model is generally conservative than Xiao et 
al.(2016)’s model in confined case but the conservativeness diminishes with 
increasing positioning error. When inner consolidation and full drainage are 
considered, monotonic hardening is observed which indicates that for long-
term excavation, the deformation instead of strength may be the major concern. 
A reliability-based design procedure is proposed based on Liu et 
al.(2015)’s design procedure. The design strength and modulus can be 





Table 6.1 Parameters for deterministic analysis in reference case 
Parameter 
Value or choice for reference 
case 
Unit Illustration 
Geometric size 14D x 10D x 4D/3* - Fig. 6.1 (b) 
Constitutive curves Xiao’s model - - 
Layout of columns Layout 1 - Fig. 6.4 (a) & (c) 
Centre to centre distance, C 
C1=0.84D(Layout 1) 
C2=0.90D(Layout 2) 
- Fig. 6.4 (a) 
Strength transition curve Inner-stiffer linear curve - - 
Ratio of strength at centre to 
strength at edge, RCE 
2 - - 
qu_min (improved soils) 1.275 MPa - 
qu_ave (improved soils) 2.55 MPa - 
qu_max (improved soils) 1.70 MPa - 
qu(nature soils) 0.145 MPa - 
Poisson’s ratio (all soils) 0.25 - - 
Density (all soils) 1.6 KN/m3 - 
Element type (all soils) 
Quadratic 8-noded brick 
element with 27 integration 
point 
- - 











Parameters needed to generate “average” response 
This Study 
𝑄1/𝑞u_ave Liu et al., (2015) 𝑄2/𝑞u_ave 
Ratio of average 
value of this study 
to Liu et al., 
(2015) 




1 Reference Case 
Confined, Layout 
2 1.16 1.01 115% 
Unconfined, 
Layout 1 0.94 0.94 100% 
Unconfined, 





Confined 0 kPa Reference Case 
Confined 30 kPa 1.03 0.93 110% 
Confined 60 kPa 1.02 - - 
Confined 120 kPa 1.01 - - 
Unconfined 0 kPa 0.94 - - 
Unconfined 30 
kPa 0.93 - - 
Unconfined 60 
kPa 0.92 - - 
Unconfined 120 




C1/D=0.80 1.14 1.01 112% 
C1/D=0.84 Reference Case   
C1/D=0.90 0.89 0.82 109% 
C1/D=0.95 0.81 -  
C1/D=1.00 0.59 -  
Notes: 𝑄1 global peak strength using Xiao et al., (2016)’s model: 𝑄2 global 
peak strength using Mohr Coulomb type model with Method C;  
qu_ave=volume-averaged unconfined compressive strength; 
R(D)=radius(diameter) of columns; C1 is the center-to-center distance of 






Table 6.3 Deterministic global modulus of slab 
Factors Parameters 
Parameters needed to generate 
“average” response 
𝐸 /𝐸ave 
Reference Case Refer to Tables 6.1 0.98 
Effect of Layout 
Confined, Layout 1 Reference Case 
Confined, Layout 2 1.04 
Unconfined, Layout 1 0.94 





Confined 0 kPa Reference Case 
Confined 30 kPa 1.08 
Confined 60 kPa 1.18 
Confined 120 kPa 1.35 
Unconfined 0 kPa 1.01 
Unconfined 30 kPa 1.13 
Unconfined 60 kPa 1.24 
Unconfined 120 kPa 1.46 








Notes: 𝐸 is the global modulus calculated with Xiao et al., (2016)’s model:  







Table 6.4 Consolidation inside column 




1700 1700 1700 
v' Effective Poisson’s ratio 0.25 0.25 0.25 
Eu (kPa) Undrained modulus 238000 238000 238000 




238000 238000 238000 
mv (kPa-1) 
Coefficient of volume 
change 




0.0000238 0.00000238 0.000000238 
time (d) Excavation time 180 180 180 
H (m) 
Length of drainage 
passage 
0.75 0.75 0.75 







Table 6.5 Parameters for random finite element analysis in reference case 




Value or choice for reference case 
Site boundary conditions Confined side boundaries 
Distribution type for qu Beta distribution 
Coefficient of variation of qu 0.4 
Skewness of qu 0.49 
Kurtosis of qu 2.62 
Random field generation method Modified linear estimation method 
Autocorrelation-length along 
angel, radial and depth directions 
(material properties) 
π/4, R/3, 5R* 
Distribution type for column 
deviation 
Uniform distribution 
Autocorrelation-length along x 
and y directions (positioning error) 
3R, 1R 
Amount of column deviation D*/4 
Autocorrelation function for both 
material properties and geometric 
uncertainties 
Squared exponential model 







Table 6.6 Equivalent global properties with coefficient of variations (COV) in 
brackets required to generate “average” response of global strength. 
Factors Parameters 
Parameters needed to generate “average” response 
This Study 
𝐴𝑄1 = 𝑄1���/𝑞u_ave 
 
Liu et al., 
(2015) 
𝐴𝑄2 = 𝑄2����/𝑞u_ave 
 
Ratio of average 
value of this 




Refer to Tables 
6.1 and 6.5 
0.64(0.09) 0.62(0.08) 103% 
(Input) COV in 
Cement-treated 
Soils 
Input COV=0.25 0.67(0.08) 0.64(0.08) 105% 
Input COV=0.40 Reference Case 




d/D=0 0.92(0.03) 0.89(0.02) 110% 
d/D=0.15 0.87(0.04) 0.82(0.04) 105% 
d/D=0.25 Reference Case 
d/D=0.35 0.45(0.14) 0.44 (0.10) 101% 
Notes: 𝑄1���=average global peak strength using Xiao et al., (2016)’s model; : 
𝑄2���=average global peak strength using Mohr Coulomb type model with zero 
friction angle;  qu_ave=volume-averaged unconfined compressive strength; 






Table 6.7 Equivalent global properties with coefficient of variations (COV) in 
brackets required to generate “average” response of global modulus 
Factors Parameters 
Parameters needed to generate 










Input COV=0.25 0.82(0.03) 
Input COV=0.40 Reference Case 






d/D=0.25 Reference Case 
d/D=0.35 0.70(0.03) 
Notes: 𝐸� average value of global modulus of random realizations; 𝐸ave is the 








(b)      (c) 
 
(d)      (e) 
Fig. 6.1 Illustration of cement treated slab(a) illustration of usage of treated 
slab (b) Simulation model in 3D space (confined) (c) Simulation model in 3D 



































Fig. 6.3 Comparison of Xiao et al.,(2016)’s model and Mohr Coulomb 
model(a) Stress-strain curves for unconfined compressive test (b) Global 



























(c) Layout 1 
 
(d) Layout 2 
Fig. 6.4 Layout Configurations(a) Plan view of Layout 1 and (b) Plan view of 
Layout 2 (source: Liu, 2013) (c) Strength contour for cement treated slab with 
columnar structure (Lighter zones indicates higher unconfined compressive 
strength) Layout 1(d) Strength contour for cement treated slab with columnar 






























Liu et al. (2015) (Confined)






















Layout 1 (Liu 2013)
Layout 2 (Liu 2013)
Layout 1 (Xiao's model)







Fig. 6.6 Effect of layout: (a) Confined case, (b) unconfined case 
 






















Layout 1 (Liu 2013)




































































Fig. 6.9 Illustration of positioning error (a) positioning error of one column (b) 
SOF of positioning error (Source: Liu, 2013) 
 
Fig. 6.10 Typical contour of unconfined compressive strength distribution 









   (b)      (c) 
 
(d) 
Fig. 6.11 Results of reference case(a)Typical normalized stress strain curves; 
(b) empirical histogram of normalized peak global strength; (c) empirical 
histogram of normalized global modulus (The parameter correspond to the 





















































































positioning error/column diameter 
average (Xiao's model)
average (Liu et al., 2015)
5th prcentile (Xiao's model)
5th prcentile (Liu et al.,
2015)
Output COV (Xiao's model)








Fig. 6.13 Effect of Positioning Error on Peak Strength and Output COV (a) 















































positioning error/column diameter 
average (Xiao's model)
average (Liu et al., 2015)
Output COV (Xiao's model)




































Fig. 6.14 Effect of Input COV on Peak Strength (a) average peak strength and 
5th percentiles (b) Output COV 
 
Fig. 6.15 Comparison of global stress strain curves of undrained, coupled 
consolidation result (180 days) and drained conditions (grey curves: random 
realizations of undrained condition; yellow curves: random realizations of 






























Fig. 6.16 Design chart (a) Design chart for equivalent global strength (b) 







Chapter 7 Effect of Spatial Variability on Tunnel with 
Improved Soil Surround 
7.1 Introduction 
Massive ground treatment to facilitate construction of tunnels in highly 
developed urban areas underlain by thick layers of soft clay is becoming an 
increasingly expensive option in Singapore. Fig. 7.1 shows the cement-
treatment scheme for the Marina Segment of the Thomson line, used to 
prevent collapse during excavation and excessive settlement during operation. 
As can be seen, the design requires the entire 25m-thick layer of marine clay 
to be treated all the way down to the stiff Old Alluvium layer. Part of the 
conservative design lies in the conservative assumption on the undrained shear 
strength of the treated soil. As mentioned earlier, this arises due essentially to 
two reasons, i.e. 1) lack of knowledge about the complex behaviour of 
cement-treated soil (brittleness, stress strain behaviour); 2) lack of knowledge 
about the spatial variability (material heterogeneity, existence of untreated 
zones).  
These two uncertainties can be mitigated by doing a random finite 
element analysis using a realistic model, such as Xiao et al.’s (2016) model. In 
this chapter, Xiao et al.’s model is used to study the interaction between 
surrounding soft soil and a cement-treated soil ring around the tunnel. 
The main discussion items in this chapter are as follows: 
(1) Calibration of finite element model using centrifuge test results 
from Zulkefli (2015). 
(2) Investigation of the effect of spatial variability on undrained 






(3) Proposal of design framework. 
(4) Benchmarking of design framework using three-dimensional 
analysis with columnar structure. 
7.2 Problem Description and Model Setup 
7.2.1 Problem Description 
The original design plan for the Marina segment of Thomson Line was 
a monolithic ground treatment and Zulkefli (2015) proposed a circular outline 
to stabilize tunnel excavation. As shown in Fig. 7.2, the cement-treated 
columns are assumed to be installed following the circular tunnel outline. The 
treated ground is then excavated along the tunnel outline. When the inner 
support is removed due to excavation, the overburden pressure is transferred to 
the improved ring.  
A plane strain condition is assumed; this implicitly assumes that the 
scale-of-fluctuation is infinitely long in the out-of-plane direction. By 
assuming this, the three-dimensional effect of tunneling (e.g. tunnel face 
stability) cannot be reflected. On the other hand, the plane-strain assumption 
also makes it impossible to model the columnar structure of cement treated 
column as that modeled in Chapter 6. Nevertheless, in the current stage of 
research, the two-dimensional analysis is firstly adopted because it is widely 
used design of tunnel and less computation cost is required in RFEA. 
Zulkefli (2015) identified five important parameters: The first three are 
related to the dimensions of the tunnel1) cover depth to the tunnel crown C, 2) 
inner diameter of tunnel D, 3) thickness of improved soil ring t, as shown in 
Fig. 7.2. The strengths of improved soil rings and untreated soil are also 






treated soil and untreated soil at springline level, denoted by qu1 and qu2, 
respectively.  
Zulkefli (2015) carried out a series of 100-g centrifuge tests of large-
diameter tunnel excavation in circular improved soil rings with different 
dimension and strength of improved layers (Table 7.1). The test was designed 
to simulate a two-dimensional plane-strain excavation. The prototype size of 
the ground domain modelled was 60m x55m x30 m. The kaolin clay was used 
to simulate the soft soil ground and it was firstly pre-consolidated to about 50 
kPa under 1g condition before the pre-fabricated cement-treated marine clay 
ring was inserted. The strength of the improved soil ring was controlled by the 
curing time and the mix ratio, the latter defined herein as the mass of soil (S): 
mass of cement (C): mass of water (W). The treated soil was mixed separately 
from the clay bed and cast into specially designed split molds. Columnar 
structure was not reproduced in the treated soil ring. Tunnel support pressure 
was applied using a rubber bag filled with potassium iodide solution, the 
density of which was similar to soft kaolin clay. The pressure inside the rubber 
bag was initially set to balance the vertical pressure at the crown and invert. 
The excavation process is simulated by gradually draining potassium iodide 
from the rubber bag to reduce the pressure inside the rubber bag. Zulkefli’s 
(2015) centrifuge test result is the “critical tunnel support pressure”, which is 
the vertical support pressure at which the tunnel collapses. This critical tunnel 
support pressure provides a means to verify the finite element results. 







The circular cement-treated soil ring, together with the tunnel opening, 
was wished into place at the tunnel location. Prototype dimensions were used 
and tunnel support pressure arising from the potassium iodide was modelled 
by pressure loading on the inner wall of the tunnel. The in-situ stress field was 
interpolated to equilibrate the self-weight of the soil. The ground water level is 
assumed to be at the ground surface which is the condition in the centrifuge 
test. This is also reasonably realistic for Singapore, where the groundwater 
table is commonly within 2m to 3m of the ground surface. 
Constitutive models: 
The Modified Cam Clay model (Roscoe, 1968) was used to simulate 
the normally consolidated kaolin clay, and its parameters are listed in Table 
7.2. The cement-treated soil layer was simulated by Xiao et al.’s (2016) model. 
The model parameters for cement-treated soil are listed in Table 5.1. The 
process for evaluating the parameters has been discussed in Chapter 5 and 
unconfined compressive strength was used to characterize the strength of 
treated soil. 
Excavation process:  
GeoFEA 9.0 allows users to “exclude” excavated zones to simulate the 
excavation process. This “exclusion” process removes the excluded soil 
elements from the subsequent stages of analysis. When a soil element is 
“excluded”, its stiffness and the stress which it imposes on the surrounding 
elements is excluded from the analysis. The exclusion process can be sub-
divided into many increments. If this is the case, the stiffness of the soil is 
removed in the first increment whereas the stress which it imposes on 






increments. In this study, 100 increments were used to simulate excavation, 
indicating a 1% of stress release in each step. 
Monitored Parameters: 
To monitor the overall stability and deformation of the improved soil 
ring, three result parameters were monitored.  
1) Integration points in the improved ring undergoing softening. 
Unlike Mohr-Coulomb type model in which the peak strength is 
reach once yielded, Xiao et al. (2016) ’s model shows yielding long 
before strain peak strength is reached, as discussed in Chapter 4. 
By observing the existence and development of softening zone, one 
can gain insights into the overall stability of the improved ring. 
When the softening zone propagates through the full thickness of 
the ring, the ring cannot take any more load induced by excavation 
and failure is imminent. 
2) Out-of-balance load. The “out-of-balance load” is computed by 
GEOFEA 9.0 as the ratio of the overall out-of-balance force 
between the external load and the internal stress of the whole 
system to the total applied load, and is expressed as a percentage. It 
is a measure of the overall out-of-equilibrium of the calculation and 
is different from the unbalanced force generated by reduction of 
tunnel support pressure. GEOFEA 9.0 uses a modified version of 
Newton-Raphson iteration to reduce out-of-balance load to within a 
specific small tolerance, typically less than 1%. This means that 
when the excavation is viable, the out-of-balance load would be 






the improved ring is fully mobilized and still cannot balance the 
released unbalanced force, the out-of-balance load would increase 
abruptly to more than 50 %, which means that the calculation is 
unable to converge and therefore the unbalanced force cannot be 
balanced by the supporting system; this can be used as an indicator 
that failure is imminent.  
3) Volumetric Change Ratio (VCR or volume loss) and Distortion 
Ratio. Volume loss is a very significant indicator of excavation 
quality and has significant effect on ground settlement and 
response of adjacent structures (e.g. Lee and Bassett, 2007; 
Marshall and Haji, 2015). This is particular so in serviceability 
limit state considerations, wherein volume change ratio is an 
indicator of how the excavation-induced ground movement would 
affect the adjacent buildings and facilities. Fig. 7.3 shows the 
calculation framework for volume change ratio and distortion ratio 
used herein. The volume loss depends on ground type and 
excavation method. For Kallang Formation where marine clay may 
occur and earth pressure balance method (EPB) is used, the typical 
volume loss ranges from 1 to 3% (Shirlaw et al., 2001). For Old 
Alluvium and Bukit Timah Granite the typical volume loss is 1% 
or less. The distortion ratio is used to measure the amplitude of 
fluctuation of displacement over its mean value and is a measure of 
the distortion of the tunnel cross-section from its original circular 






extent of ground movement. As shown in Fig. 7.3, the volume 
change ratio (VCR) and distortion (𝜀d) are given by VCR = ∑ ∆𝐴i𝑛𝑖=0
𝐴
     (7.1) 
𝜀d = 𝑆𝐷𝐸𝑉(∆𝒓)𝑙/𝐴    (7.2) 





A – inner area of the tunnel, 𝐴 = 𝜋R2; 
∆𝒓- vector of radial displacement of nodes ∆𝑟𝑖, ∆𝒓 ={∆𝑟1,∆𝑟2 … ,∆𝑟𝑖, . . }, 𝑆𝐷𝐸𝑉(∆𝒓) is the standard deviation of vector 
∆𝒓; 
l - circumference of tunnel, 𝑙 = 2𝜋𝑅; 
R – inner diameter of tunnel. 
 
Boundary conditions:  
For calibration and validation, a half-model was employed due to 
geometrical symmetry and uniform soil conditions. The size of the model used 
was 30 m x 50 m in horizontal and vertical directions to reflect the size of the 
strong box. The side boundaries are normally fixed. The main geometric 
parameters of the improved soil ring, i.e. embedment depth C, outer diameter 
D and thickness t, in each case are the same as those shown in Table 7.1. 
Undrained analysis was employed. In parametric study, the boundary size is 
enlarged to minimize the effect of finite boundary and the horizontal and 
vertical boundaries are extended to minimize the boundary effect. It can be 






diameter, the boundary has little effect on the result. This is consistent with 
Zulkefli’s (2015) finding. 
Mesh adequacy:  
As shown in Fig. 7.5, the improved ring has finer mesh than soft clay 
because higher stress gradient can be expected in this improved ring. To 
examine the mesh adequacy, three element sizes of the improved ring are used, 
i.e. 0.3 m, 0.5 m and 1.0 m (Fig. 7.6(a)). Fig. 7.6(b) shows the change in 
volume change ratio with reduction in tunnel support pressure, which is 
expressed as a ratio of the reduction in tunnel support pressure to the initial 
tunnel support pressure, hereafter termed stress release ratio. As can be seen, 
when the volume change ratio is less than 1%, there is negligible difference 
among the three curves. When the volume change ratio exceeds about 1.2%, it 
increases rapidly with stress release ratio. In this regime, trend of increase for 
the case with mesh size of 1m appears to trend slightly differently from those 
of mesh sizes of 0.3 m and 0.5 m, both of which are quite close. In the 
subsequent analysis, a mesh size of 0.5 m is used for the improved soil ring. 
The average calculation time of a typical realization is 2~3 mins depending on 
the number of Newton-Raphson iteration. 
7.3 Deterministic analysis 
7.3.1 Analysis of a Typical Case 
One typical case is examined to understand the failure of the improved 
soil ring. The parameters for this case are identical to the CIRC_N20_300 case 
in Table 7.1 and the prototype dimensions are used. As discussed above, the 
excavation is simulated by gradually reducing the tunnel support pressure. Fig. 






events in five steps (A through E) during stress release. The softening extent, 
vertical strain, out-of-balance load and stress release ratio are examined. The 
softening zone is identified in terms of integration points and the softened 
points are marked by blue dots (Fig. 7.7). The out-of-balance-load in each step 
is also shown. The stress release ratio, defined herein as the ratio of the 
reduction in tunnel support pressure to the original support pressure, is used to 
characterize the process of stress release, i.e. it is 0% before excavation and 
becomes 100% when the supporting pressure is fully removed. 
As shown in Fig. 7.7, softening starts at the spring line and develops 
across the thickness of the improved ring (A1 through E1). This trend 
indicates a gradual mobilization of shear strength from inner to outer layer of 
the improved ring. On the other hand, the strain in vertical direction starts to 
concentrate on spring line until a “plastic hinge” is formed (cell D2). At this 
moment, the softening part covers the entire thickness of improved soil ring 
near the springline (cell D1). Between columns C and D, the increase in stress 
release ratio is only 7%; this indicates a rapid softening of the improved ring. 
At the same time, the out-of-balance-load increases abruptly from 1.24% to 
29.8%. Hence, the examined parameters are consistent in indicating onset of 
failure between stress release ratio of 62% and 69%.  
The trend of vertical total stress of six monitoring points 1 through 6, 
shown in Fig. 7.5, are plotted in Fig. 7.8 (a) to investigate the radial 
distribution of stress at springline. The curves show that the strength is 
gradually mobilized from inner layer to outer layer. The pre-peak curve of 
total stress increase with stress release ratio for Point 1 is almost linear, 






stage. In contrast, the pre-peak stress curves of exterior points (e.g. Point 6) 
become steeper as they reach peak. This indicates an accelerated mobilization 
of shear strength of the exterior points. This can be attributed to increasingly 
higher stresses being built up at the outer layers as the inner layers soften. This 
is consistent with the strain softening nature of cement-admixed soil. 
Fig. 7.8 (b) shows the cross-sectional distribution of stress across the 
springline, obtained by plotting the stress from Point-1 to Point-6 for each of 
the Stages A to D (corresponding to columns A to D in Fig. 7.7). Stage E was 
not plotted because the out-of-balance load is too large, indicating failure to 
converge. As can be seen, in Step A, the vertical stress distribution is 
consistent with flexure with compression, this being similar to Lame’s 
solution for thick-walled cylinders. As tunnel support pressure is reduced, 
strength is mobilized from inner to outer layer.  
The above discussion involves the local behaviour of critical part of 
the improved soil ring. Two more parameters characterizing the overall 
stability and deformation of the improved soil ring system are also monitored. 
Fig. 7.9 (a)(b) shows the change of out-of-balance load and volume change 
ratio with stress-release ratio, respectively. The out-of-balance load increases 
abruptly from 1% to 30% between step C and D. This marks the local 
softening of the improved soil ring. Then the volume change ratio increases 
rapidly over a small increment in stress release ratio of 5%, indicating 
occurrence of large deformation. Therefore, it is reasonable to use the stress 
release ratio corresponding to certain level of out-of-balance load as the 
critical support pressure. However, a comparison with centrifuge test data is 






7.3.2 Comparison with centrifuge data 
In Section 7.3.1, a preliminary study on one case (CIRC_N20_300 in 
Table 7.1) was investigated and several possible indicators of failure were 
proposed (e.g. development of softened zone, out-of-balance load). To further 
investigate whether these indicators are applicable to cases with other 
strengths, geometric dimensions, the cases listed in Table 7.1 are also modeled 
to compare with Zulkefli (2015)’s centrifuge data. 
In Zulkefli’s (2015) study, the failure state is marked by the starting 
point of abrupt change of earth pressure (Fig. 7.10(a)). The result in Zulkefli 
(2015) is presented by the critical support pressure which is the spring-line-
level support pressure at failure. In this study, to apply the result in a more 
general scenario, a dimensionless parameter is used, that is, stress release ratio 
Rs. The stress release ratio is defined as the ratio of released stress to the stress 
level at the springline level. As a result, the support pressure and stress release 
ratio are related via 
𝜎T = (1 − 𝑅s)𝛾 �𝐶 + 𝐷2�   (7.3) 
where σ𝑇 is the support pressure, 𝑅s the stress release ratio, 𝛾 the bulk 
unit weight of both clay and treated clay (16 kN/m3). C the cover depth, and D 
the inner diameter of tunnel. 
As discussed in Section 7.3.1, two main indicators related to failure of 
improved soil ring, i.e. extent of softening zone and out-of-balance load, are 
examined. The stress release ratio obtained by each indicator are recorded and 
converted to correspondent support pressure via Eq. 7.3. As shown in Fig. 
7.10(b), the computed critical tunnel support pressure based on the depth of 






thickness of the improved soil ring (Column C, Fig. 7.7) agree well with the 
measured critical tunnel support pressure. This criterion is similar to that used 
by Zulkefli (2015) to identify the onset of failure. By the time the depth of the 
softened zone reaches the full thickness of the improved soil surround, the 
tunnel support pressure has already fallen below the measured critical value. 
Furthermore, as shown in Fig. 7.7, the out-of-balance load does not change 
appreciably between Columns B and C. Thus it is not suitable for identifying 
this stage of failure. However, as Fig. 7.10 (b) shows, for all the cases 
examined, the use of 5% out-of-balance load return very similar critical tunnel 
support pressure as that for depth of the softened zone reaching the full 
thickness of the improved soil surround. It should be noted that Zulkefli (2015) 
defined his failure based the incipient failure (i.e. start of failure) concept 
rather than ultimate failure concept. One may surmise that by the time the 
softened zone reaches the full thickness of the improved soil surround, the 
situation is more akin to that of ultimate failure. Therefore, the numerical 
model is calibrated by a series of centrifuge test results and the ultimate state 
can be generally represented by full thickness softening or 5% out-of-balance 
load.  
7.3.3 Parametric Study 
Zulkefli (2015) identified three major factors influencing the stability 
of large diameter tunnel with improved rings namely  
1) Undrained shear strength of untreated soil cu1 and improved layer 
cu2. Intuitively, the stronger the surrounding soil and improved ground, the 
more stable the whole system. When the kaolin clay is normally consolidated, 






2) The ratio of the thickness of the improved soil ring to the tunnel 
diameter (t/D). In this study, the thickness is larger than 1.8 m to make sure at 
least two rows of column exist in the wall. Thus the t/D ratio is about 0.15 to 
0.35.  
3) Embedment depth (or cover) to diameter ratio (C/D). The range of 
cover-to-diameter ratio studied herein ranges from 1 to 2. 
The factors of the parametric study are listed in Table. 7.3. In addition 
to the ultimate failure defined using 5% out-of-balance load discussed above, a 
serviceability limit state is also defined herein based on a volume loss of 1%. 
One typical case with the parameters in the No. 2 in Table 7.3 is plotted in Fig. 
7.11. As can be observed, the volume change ratio firstly increases linearly 
with stress release and then starts to turn at about 1%. On the other hand, the 
out-of-balance load is generally kept within 1% at first and then increases 
abruptly over a very narrow range of stress release ratio. When the out-of-
balance load significantly exceeds 5%, there are large fluctuations in out-of-
balance load, which is suggestive of the calculation becoming unstable, Fig. 
7.11(b).  
In practical tunnel design, a stability number is usually used to 
characterize the relationship between loads and resistance (e.g. Broms and 
Bennermark, 1967). Zulkefli (2015) modified it to account for the effect of 
strength of improved surround on the stability of ground (Eq. 2.6). However, 
the denominator is essentially a mathematical combination and little physical 
meaning is attached in that formulation.  
In this study, a new stability number is proposed for soft ground tunnel 






the classical notion of limit equilibrium method, i.e. load over resistance. Fig. 
7.12 shows the yielded zone (for untreated clay) and softened zone (for 
improved clay) in blue dots. An obvious failure slip from spring line to ground 
surface is formed. An idealized illustration is plotted in Fig. 7.13. The 
numerator is identical to that proposed by Broms and Bennermark (1967), 
representing the stress intensity at the spring line. The numerator is multiplied 
by diameter (D) and 1 m of thickness in out-of-plane direction to give a 
measure of force. This force can be interpreted as the exposed unbalanced 
force to be balanced after excavation. The denominator is different from 
Zulkefli (2015) in that it comes from the assumed failure slip instead of a 
simple mathematical combination. The denominator considers the stabilizing 
force contributed by both natural soil and improved soil ring. The undrained 
shear strengths are multiplied by their correspondent length at failure. 
Specifically, for untreated soil, the length of failure slip is approximately 
proportional to embedment depth while for improved soil ring, the length of 
failure slip is approximately proportional to its thickness. Assuming that both 
the improved soil ring and surrounding soil are mobilized as failure occurs, the 
undrained shear strength of natural soil 𝑐u1 and improved soil ring 𝑐u2 are 
multiplied by C and t, respectively. Undrained shear strength (cu) is half of 
unconfined compressive strength (qu). 
𝑁′ = 𝛾(𝐶+0.5𝐷)+𝜎s−𝜎T
𝐶.𝑐u1+𝑡.𝑐u2 𝐷   (7.4) 
In reality, the soft soil may not always be fully mobilized as soft soil 
reach critical state at higher strain levels (10%) than treated soil (1-3%, Xiao 








𝛽′𝐶.𝑐u1+(2−𝛽′)𝑡.𝑐u2 𝐷   (7.5) 
𝛽′ of 1 implies full strength mobilization and 0 implies no strength 
mobilization. The value of mobilization factor 𝛽′ may be jointly influenced by 
many factors such as t/D, C/D or qu2 and it is very difficult to distinguish the 
effect of each factor. The stability number is essentially a ratio of destabilizing 
force over stabilizing force and intuitively, when the ratio is at a certain level, 
regardless of the t/D, C/D and qu2, the failure happens.  
When surcharge is zero and the numerator and denominator are both 





.𝑐u1+(2−β′) 𝛼𝐷.𝑐u2   (7.6) 
At failure state, the term 𝜎T is actually the critical support pressure and [𝛾(𝐶 + 0.5𝐷) − 𝜎T] is the released pressure before failure, i.e. 𝑅c𝛾 �𝐶 + 𝐷2�. 





.𝑐u1+(2−β′) 𝛼𝐷.𝑐u2   (7.7) 
where 
𝑁c - the critical stability number, it is the stability number that 
corresponds to a certain critical state (collapse or excessive deformation) 
𝑅c - the stress release ratio at which point the improved ring enters a 
certain critical state (collapse or excessive deformation), hereafter termed as 
critical stress release ratio.  
The variation of critical stability number with β′ are shown in Fig. 7.14 
(a)(b)(c). It is found that when 𝛽′ = 0 (Fig. 7.14(a)), the critical stability 






from 1.8 to 2.5, indicating that the stability number of this form is a state 
variable and is not very sensitive to t/D, C/D and qu2. Therefore, 𝛽′ = 0 is 
adopted, indicating that the strength of soft soil is almost not mobilized to 
resist the failure. This is reasonable since the strain level to mobilize the full 
strength of soft soil is 5 to 10 times larger than cement-treated soil.  
When the 𝛽′ = 0 is substituted into Eq. 7.7, 
𝑁c = 𝑅c𝛾�𝐶+𝐷2�𝛼
𝐷
.𝜕u2     (7.8) 
This is similar to Zulkefli’s (2015) definition of stability number for 
flexural compression failure. The major difference between Eq. 7.8 and 
Zulkefli’s (2015) counterpart is that the resistance considered the normalized 
thickness, and this helps to reduce the trend of stability number caused by 
normalized thickness (t/D). As Fig. 7.14 shows, the lower bound of critical 
stability number in ultimate limit state can be defined as 
𝑁c_ULS = 1.8    (7.9) 
On the other hand, to control the volume change caused by excavation, 
one has to meet the serviceability requirement. In this study, the critical stress 
release ratio 𝑅c corresponding to 1% of volume loss is also recorded for all 
cases and they can also be represented by critical stability number, as shown in 
Fig. 7.15. As can be observed, the critical stability number for Nc_SLS 
serviceability limit state (volume change ratio=1%) decreases with critical 
stress release ratio. The lower bound of it can be conservatively defined as  
𝑁c_SLS = 1.8 − 0.4𝑅SLS   (7.10) 
Generally, the critical stability number for 1% volume loss is lower 






state is generally much larger than 1%. Therefore, to meet serviceability 
requirement, one has to reduce the stability number even further to be lower 
than the design bound shown in Fig. 7.14(c). 
Hence, a viable design is feasible by increasing the thickness or 
strength of improved ground, or provide sufficient support after excavation. If 
no FEA is done to analyze the stability of tunnel with improved soil ring, the 
critical stability number can be used as a tool to strike a balance between 
initial investment (higher strength or more extensive ground treatment) in 
installation phase and support in excavation phase. 
7.4 Effect of Spatial Variability of Improved soil ring on 
Stability and Deformation of Tunnel 
The analysis in Section 7.3 assumes that the cement-treated soil is 
homogeneous. However, as discussed in Section 5 and 6, the cement-treated 
soil is spatially variable and its effect on global strength and stiffness of 
cement treated components or structure is examined herein. In this section, the 
effect of spatial variability on stability and deformation of tunnel with 
improved soil ring is investigated to see how the performance of improved soil 
ring is discounted when spatial variability is considered.  
As there are many parameters in this tunnel issue, e.g. Geometric 
Parameters: cover depth to tunnel crown C, diameter D, thickness t; statistical 
parameters: mean, coefficient of variation (COV) and scale of fluctuation 
(SOF) of unconfined compressive strength of improved soil ring, a 
preliminary study with fixed geometric parameters is firstly carried out in 
Section 7.4.1-7.4.2. The results are analyzed and then cases with other 






7.4.1 Model Setup 
Geometry and Mesh Size.  
The mesh and dimensions for preliminary study are shown in Fig. 7.16 
and they are identical to the Case D2 in Table 7.3. The average mesh size of 
improved soil ring is about 0.3 m which is well below the scale of fluctuation 
of the treated soil. As noted in Section 7.3, the boundary effect is not 
significant when distance from opening to boundary exceed 2 times diameter. 
The distance of tunnel center to the side boundary and lower boundary are 
both 50 m (much larger than 2 times diameter of the tunnel) to minimize the 
boundary effect. 
Constitutive Model.  
The constitutive model and parameters for untreated clay is the same 
as deterministic analysis. For treated soil, the randomized Xiao et al.’s (2016) 
model is used. 
Random Issues.  
The treated soil is assumed to be randomly spatially varying while the 
untreated soil is assumed to be layered. This is reasonable since the scale of 
fluctuation of natural soil (Phoon and Kulhawy, 1999) is usually much larger 
than that of treated clay and COV is much lower than treated clay (Bruce et al., 
2013). A two-dimensional random field with marginal PDF of lognormal 
distribution is used to simulate the fluctuation of property of treated soil ring. 
The mean value is set to be as low as 600 kPa to capture the failure point. The 
COV of unconfined compressive strength of treated soil is assumed to be 0.4 
(e.g. Honjo, 1982, Chen et al., 2011). Since it is a two-dimensional analysis, 






implies that the scale of fluctuation in the out-of-plane direction is infinitely 
long. While this may not be realistic, the infinitely long scale of fluctuation in 
the out-of-plane direction may be more pessimistic (Ching et al., 2016), as will 
be discussed in Section 7.6. The scale of fluctuation is varied from 0.5 to 8.0 
(Honjo, 1982) in the parametric studies. 
Presentation of Result.  
The result is presented in terms of the critical stress release ratio. As 
the deterministic stress release ratio vary from case to case, the average value 
of random results is normalized by the correspondent deterministic result to 
see how much discount should be applied when spatial variability is 
considered. Specifically, for serviceability consideration, the stress release 
ratios corresponding to volume change ratio of 1% are recorded, denoted as 
𝑅SLS.. The average value of random realizations (𝑅SLS ������� ) is calculated and 
normalized by the deterministic result (𝑅SLS−Det.) to see how the random result 
is discounted from its correspondent deterministic result. The output COV of 
𝑅SLS. are also calculated, denoted as 𝛿R_SLS.. Similarly, for ultimate limit state 
consideration, the statistical results corresponding to out-of-balance load of 5% 
are also calculated accordingly, the critical stress release ratio of each 
realizations is denoted as 𝑅ULS., mean value 𝑅ULS ������� , deterministic result RULS−Det..and output COV 𝛿R_ULS 
7.4.2 Results of a Preliminary Study 
Fig. 7.17 (a) and (b) show the trend of volume change ratio and out-of-
balance load with respect to stress release ratio. The random results are 
compared with deterministic result with the same mean strength of improved 






performance of the improved soil ring. This is consistent with the trend for the 
cement-treated column and cement-treated layer in Chapter 5 and 6. In random 
realizations, the out-of-balance loads are generally lower than 1% at first, but 
increase rapidly to about 5% when the stress release ratio exceeds a certain 
level. A similar trend can be seen for the volume change ratio. The stress 
release ratio corresponding to 1% of VCR and 5% of out-of-balance load in all 
the realizations are collected and the histograms are shown in Fig. 7.17 (c) (d). 
The P-values for both cases are both much larger than 5%, indicating that the 
null-hypothesis that the data comes from normal distribution cannot be 
rejected. Therefore, it is not unreasonable to assume that the results follow a 
normal distribution. The convergence plot in Fig. 7.17 (e) shows that the mean 
value and output COV can generally converge in 100 realizations. 
The effect of spatial variability on the critical stress ratio 
corresponding to volume change ratio of 1% RSLS and out-of-balance of 5% 
RULS are summarized in Figs. 7.18 (a) and (b). In these figures, the scale of 
fluctuation is normalized by thickness of the improved soil ring t. The 
existence of spatial variability significantly reduces the mean value and 5th 
percentile of critical stress release ratio with respect to bearing capacity and 
deformation. The curves of average values flatten as the normalized scale-of-
fluctuation increases. This is similar to the trend for compression of a single 
column with spatial variability in Chapter 5. 
In practical engineering design, deterministic finite element analysis is 
much more commonly conducted than random finite element analysis.  In such 
circumstances, an important design parameter is the equivalent deterministic 






random analysis. In this part, deterministic results with different levels of 
strength of improved soil ring are compared with random results. In the 
following discussion, the ratio of the deterministic strength to mean strength of 
random analysis is denoted as rqu (Fig. 7.18(a)). 
In terms of volume change, the average performance of an improved 
soil ring with spatial variability is almost identical to the performance of a 
deterministic improved soil ring with a strength that is 67% of mean strength 
of the treated ring. Similarly, the 5th percentile response can be conservatively 
estimated by using a strength that is 50% of the mean strength of treated ring. 
The average value and 5th percentile of stress release ratio for ultimate limit 
state (𝑅ULS �������) can also be estimated by making a 67% and 50% discount on the 
strength of improved soil ring, respectively. The output COV curves of stress 
release ratio for serviceability limit state and ultimate limit state are also very 
close (Fig. 7.18(b)). This shows that in this preliminary study the ultimate 
state comes right after 1% of volume loss. This is consistent with the brittle 
behaviour of cement-treated soil, i.e. failure occurs at very low deformation.  
7.4.3 Parametric Study 
The previous section discussed the random analysis for a tunnel with 
inner diameter of 12 m, t/D of 0.25, C/D of 1.4 (Case 2 in Table 7.3). This 
section examines cases with other geometric and mechanical parameters. As 
there are already many variables in geometric parameters, the parametric study 
is divided into two phases to consider the effect of geometric parameters and 
statistical parameters separately. The first phase examines the effect of 
geometric parameters such as diameter (D), thickness over diameter (t/D) and 






Table 7.4 (Cases RN1 to RN5). In this phase, the mean value (600 kPa), input 
COV (0.4) and SOF/t (1.0) are kept the same for each case and the geometric 
parameters, that is, diameter D, normalized thickness t/D, normalized cover 
depth C/D are varied. A mean strength of 600 kPa is used to maintain 
consistency with the previous section and to allow failure to occur. An input 
COV of 0.4 is used as this is a common value obtained from field test (e.g. 
Honjo, 1982; Chen et al., 2011; Namikawa and Koseki, 2013). A normalized 
scale-of-fluctuation (SOF/t) of 1 is chosen because the reduction effect at this 
scale of fluctuation level is generally stable and the result is generally 
conservative.  
The second phase involves the effect of statistical parameters, i.e. 
mean, input COV and scale of fluctuation (SOF). The effect of mean value can 
be evaluated by comparing No. RN2, RN 6 and RN 7 in Table 7.4. The effect 
of input COV can be evaluated by comparing No. RN2, RN8 and RN9. The 
effect of scale of fluctuation (SOF) for isotropic random field (horizontal SOF 
= vertical SOF) has been extensively investigated in preliminary study in 7.4.2. 
In reality, the scale of fluctuation in horizontal and vertical directions may not 
be the same. Honjo (1982) reported a horizontal and vertical scale of 
fluctuation of about 0.5 m and 7.5 m, respectively. Three sets of scale of 
fluctuation used in Liu et al., (2015) are examined to see the effect of 
anisotropic random field. 
1) Effect of geometric parameters of improved ring  
Case RN2 in Table 7.4 is the reference case. The effect of t/D is 
examined by comparing No. RN1 through RN3. As Table 7.4 shows, the 






limit state ( RSLS.�������
RSLS−Det.) and ultimate limit state ( RULS.��������RULS−Det.) are very limited. The 
output COV of critical stress release ratio for serviceability limit state (𝛿R_SLS) 
and ultimate limit state (𝛿R_ULS) are also confined within low level (lower than 
15%) though some variations exist.  
The effect of diameter of tunnel (D) can be evaluated by comparing 
Case RN2 and Case RN4 in Table 7.4. It can be observed that the diameter of 
tunnel has little effect on the normalized mean critical stress release ratios 
( RSLS.�������
RSLS−Det.  and RULS.��������RULS−Det.) and Output COV (𝛿R_SLS and 𝛿R_ULS). Similarly, 
comparing Case RN2 and Case RN5 shows that the normalized embedment 
depth (C/D) also has little effect on the normalized mean critical stress release 
ratios ( RSLS.�������
RSLS−Det.  and RULS.��������RULS−Det.) and Output COV (𝛿R_SLS and 𝛿R_ULS).  
2) Effect of Mean Value 
The effect of mean value of unconfined compressive strength of 
improved soil ring can be evaluated by comparing Cases RN2, RN6 and RN7 
in Table 7.4. It can be observed that the mean value has little effect on the 
normalized mean critical stress release ratios ( RSLS.�������
RSLS−Det.  and RULS.��������RULS−Det.) and 
Output COV (𝛿R_SLS and 𝛿R_ULS) since the effect of the mean value is already 
reflected in deterministic critical stress release ratio (𝑅SLS−Det. and 𝑅ULS−Det.), 
which has been normalized out. 
3) Effect of Input COV 
The effect of Input COV of unconfined compressive strength of 
improved soil ring can be evaluated by comparing Cases RN2, RN8 and RN9 






mean critical stress release ratios ( RSLS.�������
RSLS−Det.  and RULS.��������RULS−Det.)  can be observed. 
This is consistent with the single column problem and slab problem in Chapter 
5 and 6 as well as the findings of Liu et al. (2015). However, this effect on 
Output COV (𝛿R_SLS and 𝛿R_ULS) is not significant when the input COV is 
larger than 0.4; which is also consistent with Liu et al.’s (2015) finding.  
4) Effect of anisotropic random field 
The current study has assumed, up to now, that the random field is 
isotropic in terms of scale of fluctuation, that is, the scale of fluctuation is the 
same in both horizontal and vertical direction. However, as the deep-mixed 
column is installed by mixing blades, the anisotropic correlation structure can 
be expected. Liu et al., (2015) adopted a vertical scale of fluctuation of about 
7.5 m and horizontal scale of fluctuation of about 0.5 m. Following Liu et al., 
(2015), anisotropic random fields with scale of fluctuation shown in Table 7.5 
are examined. As can be seen, this kind of correlation structure leads to 
normalized mean critical stress release ratios than isotropic random field. This 
can be attributed to the fact that the scales of fluctuation used for the cases in 
Table 7.4, which are equal to the thickness of the improved soil ring, are 
probably close to the most pessimistic values, Fig. 7.18(a). 
The findings above can be summarized as follows: 
(a) The effect of spatial variation can be reflected in the normalized mean 
critical stress release ratios, which is the average critical stress release 
ratio from the random realization normalized by the corresponding 
deterministic value obtained based on a homogeneous improved soil 






(b) The geometric parameters, i.e. tunnel diameter D, thickness-to-
diameter ratio t/D and cover-to-diameter ratio change C/D was found 
to have little effect on the normalized mean critical stress release ratios.  
(c) The input COV has an adverse effect on the normalized mean critical 
stress release ratios especially when the former exceeds 0.4.  
(d) Higher mean unconfined compressive strength give higher mean 
critical stress release ratios, which is to be expected.  
(e) Anisotropic correlation structure with vertical SOF much longer than 
horizontal SOF also gives higher normalized critical stress release 
ratios. This may be due to the fact that the scale of fluctuation assumed 
for the isotropic cases (Table 7.4) is close to the most critical values, 
being equal to the thickness of the improved soil ring. 
7.5 Design Implications 
The design procedure for hand calculation consists of two stages, i.e. 
deterministic stage and random stage. The deterministic stage involves 
estimating a critical stress release ratio based on the assumption that the 
improved soil ring is homogeneous. The random stage is introduced to take 
into account the fact that improved soil ring has spatial variability in terms of 
its strength. However, random finite element analysis is not often a viable 
option in practical design. In view of this, the proposed approach is to analyse 
an equivalent homogeneous improved soil ring with a representative strength 
qu2_Rep which reflects the effect of spatial variability. This representative 
strength can be estimated by applying a reduction factor on mean strength of 






The reduction factor on mean strength of improved soil ring is actually 
related to the reduction factor on stress release ratio in the following way. As 
deduced from Eq. 7.8 and shown in Fig. 7.19, under homogeneous condition, 
the critical stress release ratio is approximately proportional to unconfined 
compressive strength of the improved soil ring because the critical stability 
numbers falls within a narrow band, Figs. 7.14 and 7.15. This implies that the 
representative unconfined compressive strength qu2_Rep can be obtained by 
factoring down the mean unconfined compressive strength by the ratio of the 
representative-to-average critical stress release ratio, that is 
𝑞u2−Rep = 𝑞u2−ave RRep.RDet.    (7.11) 
where  RRep -  the representative stress release ratio for a homogeneous 
improved soil ring which is defined based on a prescribed probability of 
failure,  RDet. - the deterministic homogeneous stress release ratio calculated 
using the mean unconfined compressive strength; 
𝑞u2−ave – mean value of unconfined compressive strength of improved 
ring with random spatial variability. 
As noted in Section 7.4.3, the normalized representative stress release 
ratio RRep.
RDet.  is influenced by many factors such as Input COV and dimensions of 
improved soil ring. It also involves the design probability with which the 
designed improved surround is able to fulfil design purpose (e.g. volume loss, 
bearing capacity). The detailed ultimate limit state design and serviceability 






7.5.1 Ultimate Limit State Design 
A possible ultimate limit state can be defined based on the stability of 
the improved soil ring as reflected in the out-of-balance load. Similar to 
Chapter 5 and 6, the representative normalized critical stress release ratio for 
ultimate limit state is given by 
RULS−Rep.
RULS−Det. = RULS�������RULS−Det. (1 − 𝛽𝑝𝛿R_ULS)   (7.12) 
Where 
𝑅ULS������ is the mean value of stress release ratio for ultimate limit state 
(corresponding to 5% out-of-balance load) of all random realizations; 
𝑅ULS−Det. is the critical stress release ratio for ultimate limit state of 
deterministic homogeneous case; the strength of this deterministic 
homogeneous improved ring is equal to the mean strength of treated ring with 
random spatial variability. 
RULS �
����������
RULS−Det.is the mean normalized stress release ratio for ultimate limit 
state; this can be evaluated from Table 7.4 and Table 7.5. 
𝛽𝑝 is the probability index. This is the same as that in Section 5.3.2; 
𝛿R_ULS is the output COV of stress release ratio for ultimate limit state; 
this can be evaluated from Table 7.4 and 7.5. 
In real design, the dimensions may not be the same as those listed in 
Table 7.4 and 7.5. Therefore, the most pessimistic combinations is suggested. 
The lower bound value of the mean normalized critical stress release ratio for 
ultimate limit state  RULS
�����������
RULS−Det. can be estimated as 0.64 when the input COV is 
less than or equal to 0.4. The upper bound value of Output COV (0.15) should 






and the design probability is set as 95%, 𝛽 = 1.645, the lower bound value of 
the normalized critical stress release ratio for ultimate limit state  RULS−Rep.
RULS−Det.  can 
be calculated to be about 48%. Substituting Eq. 7.12 into Eq. 7.11, the most 
conservative representative strength of improved soil ring is about 48% the 
mean unconfined compressive strength of improved soil ring.  
Alternatively, following Liu et al.(2015) and Section 5.3.3 and Section 
6.5.1, one can also use design coefficient to encapsulate the results into a 
design chart. When the most pessimistic combinations of normalized critical 
stress release ratio and correspondent output COV are used, 
RULS−Rep.
RULS−Det.  = 1 − 𝛼ULS𝛿  (7.13) 
where 







𝛿- the input COV of unconfined compressive strength. 
When the input COV is 0.4, the design coefficient can be evaluated in 
Fig. 7.20 by given target failure probability. 
7.5.2 Serviceability Limit State Design 
The SLS design involves the volume change. The representative 
normalized critical stress release ratio for ultimate limit state is given by 
RSLS−Rep.
RSLS−Det. = RSLS�������RSLS−Det. (1 − 𝛽𝑝𝛿R_SLS)    (7.14) 
where 







RSLS−Det is the critical stress release ratio for serviceability limit state 
of deterministic homogeneous improved ring; 
RSLS�������
RSLS−Det. is the mean normalized mean critical stress release ratio for 
serviceability limit state; this can be evaluated from Table 7.4 and Table 7.5. 
𝛿R_SLS is the output COV of 𝑅SLS. This can be evaluated from Table 
7.4 and 7.5. 
The lower bound value of normalized mean critical stress release ratio 
for serviceability limit state RSLS
�������
RSLS−Det. can be estimated as 0.69 when Input 
COV is no more than 0.4. The normalized mean critical stress release ratio for 
serviceability limit state RSLS
�������
RSLS−Det. can be interpolated when COV is larger than 
0.4. The upper bound value of Output COV (0.15) should be used as it give 
more conservative design values. If the input COV is 0.4 and the design 
probability is set as 95%, then 𝛽 is equal to 1.645, the lower bound value of 
normalized representative critical stress release ratio for serviceability limit 
state 𝑅SLS−Rep.
𝑅SLS−Det.  is about 52%. Substituting Eq. 7.14 into Eq. 7.11, the most 
conservative representative strength of improved soil ring is about 52% the 
mean unconfined compressive strength of improved surround. The reduction 
factor for serviceability limit state is slightly higher than that of ultimate limit 
state. However, this does not necessarily mean design value for ultimate limit 
state is more conservative. After strength reduction due to spatial variability, 
the representative strength for ultimate limit state and serviceability limit state 
will be taken to satisfy different criteria. This will be discussed in illustration 






Alternatively, the random results can be encapsulated into a design 
chart using design coefficient 
RSLS−Rep.
RSLS−Det.  = 1 − 𝛼SLS𝛿   (7.15) 
where 𝛼SLS is the design coefficient for serviceability limit state, 
𝛼SLS = 1− RSLS ������������RSLS−Det.(1−𝛽𝑝𝛿R_SLS)𝛿 . 
When the input COV is 0.4, the design coefficient can be evaluated in 
Fig. 7.20 given target failure probability.  
In sum, to consider the effect of spatial variability, a representative 
strength of improved soil ring can be used. The representative strength can be 
obtained by discounting the mean value of unconfined compressive strength of 
improved ring. When Input COV is about 0.4 and the design probability is set 
95%, the design values (5th percentile) are plotted against the performance of 
deterministic homogeneous improved soil ring with 50% strength of the mean 
value of unconfined compressive strength of improved ring (Fig. 7.21(a)(b)). 
It can be observed that for both ultimate limit state and serviceability design, a 
discount of 50 % on the mean unconfined compressive strength of improved 
ring can be used to consider effect of spatial variability.  
7.5.3 Illustration Example of Design Procedures 
(1) Background 
In a large diameter tunnel excavation in marine clay, the planned inner 
diameter for the tunnel is 12 m and the cover depth is 17 m. The mean value 
and COV of unconfined compressive strength of cored samples from similar 
projects are approximately 1700 kPa and 0.4, respectively. The owner requires 






the improved surround is basically stable and the ground loss is lower than 1%. 
The allowable thickness of the improved ring is unknown. 
(2) Hand Calculation Design procedure 
To satisfy a limit state (ultimate or serviceability limit state) 
requirement, the stability number should satisfy 
N’<Nc_    (7.16) 
where N’ is the stability number, as defined in Eq. 7.5; Nc is the critical 
stability number.  
After complete stress release, the support pressure is zero and given 
that mobilization factor β′ = 0, substituting Eq. 7.5 into Eq. 7.16, the 
thickness should satisfy  
𝑡 > 𝛾𝐷(𝐶+𝐷2)
𝑁c𝜕u2−Rep
    (7.17) 
Substituting Eq. 7.11 into Eq. 7.17 and the thickness can be evaluated 




RDet.    (7.18) 
Ultimate limit state design 
For ultimate limit state design, the critical stability number is 1.8, as 
discussed above. Given input COV of 0.4 and exceeding probability of 5%, 
the design coefficient for ultimate limit state 𝛼ULS is 1.3, as evaluated from Fig. 
7.20. Thus the normalized representative stress release ratio RRep.
RDet.  is 0.48, as 
calculated from Eq. 7.13. Assuming bulk unit weight of 16 kN/m3, the lowest 
allowable thickness is 3 m. 






For serviceability limit state design, to satisfy that volume loss is lower 
than 1% after complete stress release, the critical stability number is 1.4 
according to Eq. 7.10. Given input COV of 0.4 and exceeding probability of 
5%, the design coefficient for serviceability limit state 𝛼ULS is 1.2, as 
evaluated from Fig. 7.20. Thus the normalized representative stress release 
ratio RRep.
RDet.  is 0.52, as calculated from Eq. 7.15. Assuming bulk unit weight of 
16 kN/m3, the lowest allowable thickness is 3.5 m.  
In sum, the serviceability limit state is more critical than ultimate limit 
state and the final thickness of the improved ring should be 3.5 m.  
It should be noted that although a lower representative strength is used 
in ultimate limit state design (0.48𝑞u2����) than serviceability limit design 
(0.52𝑞u2����), the serviceability limit state design still gives a more conservative 
design thickness of improved ring. This is mainly because the design values 
are taken to satisfy different requirements (critical stability number). 
7.6 Three-dimensional Analysis  
In Sections 7.2 to 7.5, two-dimensional plane-strain analysis was used 
to reduce computational demands. In reality, the improved surround actually 
consists of many overlapping deep-mixed columns, which is similar to the 
treated slab in Chapter 6. The columnar structure of cement-treated ground, as 
mentioned in Chapter 6, may have significant impact on the global behaviour 
of the treated ground. On the other hand, the random factors, especially 
positioning error, may reduce the global strength of the improved ground. 
Therefore, it is necessary to examine the global behaviour of cement treated 






In this section, the tunnel with improved soil ring is analyzed using 
three-dimensional analysis. The columnar structure is simulated the same way 
as that used in Chapter 6. The aim of the three-dimensional model is to 
investigate the effect of columnar structure instead of the three-dimensional 
effect of a long tunnel. For this reason, a representative slice of tunnel is 
simulated. This is similar to Ignat et al., (2015) in which the three-dimensional 
model is used to investigate the effect of treated column.  
7.6.1 Finite element Setup 
Dimensions and Boundary Conditions. The “in-plane” dimensions and 
boundary conditions are the same with two-dimensional plane-strain setup in 
Section 7.4 reference case (D=12 m, t/D=0.25, C/D=1.4). A 9-m long segment 
of the tunnel was analyzed, this covers 7 to 8 rows of deep-mixed column 
along the axis of the tunnel, the mesh shown in Fig. 7.22. As in Chapter 6, the 
diameter of each column is 1.5 m and the space is 1.26 with rectangular layout 
(Table 6.1). The improved zone was idealized by a circular ring. Fig. 7.23 (a) 
shows the columnar structure inside the improved ring (darker coulour implies 
higher strength). Fig. 7.23(b) shows softened soil columns at large 
deformation. 
Mesh Size: 10-noded tetrahedron elements with 11 integration points 
are used. The average mesh size of improved soil ring is 0.3 m which is well 
below the scale of fluctuation of the treated soil. Larger elements are used to 
model the surrounding soil. The model consists about 160,000 elements and 
40,000 nodes. 
Other issues. The initial setup and excavation process is the same as 






are the two major items that should be monitored. As the model is very large, 
only 20 steps were used to model the excavation. 
7.6.2 Deterministic Analysis 
1) Effect of strength of improved soil ring 
The deterministic analysis is carried out with three different levels of 
volumetric average strength of improved soil ring, i.e. 600 kPa, 1200 kPa and 
1700 kPa. The volume change ratio and out-of-balance load curves are 
compared with their correspondent 2D analysis (Fig. 7.24(a)). It can be 
observed that in deterministic scenario the three-dimensional results are very 
close to their corresponding two-dimensional results. This is mainly because 
the overlapping columns form a stiff matrix and the volumetric average 
strength of the matrix is the same as that in 2D analysis. The kinks in Fig. 
7.24(b) arose because the tolerance for the Newton-Raphson iteration was set 
at 1%, i.e. the solver will correct back the out-of-balance load when it exceeds 
1%. The larger tolerance was specified to expedite turnaround time.  
2) Effect of diameter of deep-mixed column 
Three different diameter sizes, namely 1.5 m, 1.8 m and 2.0 m, were 
studied (Fig. 7.25). The column spacing-to-diameter ratio was kept the same 
as Table 6.1 to ensure the same average strength per unit volume of the treated 
ground. As can be observed, the diameter of the column has little effect on the 
global behaviour of the improved surround. 
3) Effect of column space 
The effect of column spacing is examined. Smaller spacing between 






closer columns show higher global stiffness and the higher stress release ratio 
at failure. 
4) Effect of column layout 
In chapter 6, two layouts are involved (Layout 1: Rectangular; Layout 
2: Triangular). These two layouts are also analyzed in this chapter. As shown 
in Fig. 7.27, with a similar replacement ratio, the triangular layout is generally 
slightly higher stiffness and global strength than rectangular counterpart. This 
is consistent with the result In Chapter 6 and Liu et al., (2015). 
7.6.3 Effect of Spatial Variability on Stability and Deformation  
Liu et al. (2015) noted that positioning error of the columns is an 
important factor affecting the global stiffness and strength of a cement-treated 
soil slab. In this section, the effect of positioning error on the global behaviour 
of improved soil ring is examined. The random parameters are similar to the 
reference case in Table 6.4 except that the mean strength of improved 
surround is 600 kPa. The limit positioning error was set to 375 mm. This 
amount is the maximum allowable positioning error at 25 m depth based on 
Singapore Standard (2003) which is similar to the depth of the center line of 
the tunnel. Liu et al. (2015) noted that the positioning error tend increase with 
the depth due to the off-verticality of the deep mixing shaft. However, for 
simplicity, the positioning error is assumed to be the constant from the crown 
to invert.  
The random realizations are plotted together with the three-
dimensional deterministic analysis (Fig. 7.28). As can be observed, the 
random realizations are generally less stiff than the deterministic counterpart 






comparison, in the three-dimensional analysis, the normalized mean critical 
stress release ratio for serviceability limit state and ultimate limit state are 96% 
and 90% of the corresponding deterministic values, respectively. However, in 
two-dimensional analysis, the average critical stress release ratio at 1% 
volume change ratio and 5% out-of-balance load are 75% and 67% of the 
corresponding deterministic values, respectively. Hence, the reduction effect 
of spatial variability in three dimensional analysis is less significant than in 
two-dimensional analysis, which is consistent with Ching et al.’s (2016) 
findings. 
The major reason for this difference is that the scales of fluctuation are 
different. In two-dimensional plane-strain scenario, the out-of-plane scale of 
fluctuation is infinitely long (Fig. 7.29). In the out-of-plane direction (z 
direction in Fig. 7.29), the weak zones pass through the longitudinal direction. 
In contrast, in three-dimensional random field when scale of fluctuation is 
finite, the weak zones are disconnected. With the disconnected weak zones, 
more zones need to be mobilized to form a global failure. This shows that with 
the same mean strength, two-dimensional plane strain random analysis tends 
to be more pessimistic than the three-dimensional counterpart.  
7.7 Conclusion 
A tunnel with an improved soil ring is simulated in two-dimensional 
plane-strain and three-dimensional conditions. The Xiao et al.’s model (2016) 
is used to simulate the improved surround.  
The model is calibrated with Zulkefli (2016)’s centrifuge data and a 
parametric study is also done to investigate the effect of strength and 






characterize the stability of the improved surround. This stability number 
enables designers to strike a balance between investment in installation phase 
and support in excavation phase. 
A two-dimensional random finite element analysis is carried out to 
investigate the effect of spatial variability on the global behaviour of improved 
surround. Correspondent ultimate limit state and serviceability limit state 
design procedures are proposed based on two-dimensional random finite 
element analysis results. It was found that by factoring the mean strength of 
the improved surround down by 50%, one can obtain a conservative design for 
both ultimate limit state and serviceability state design. 
A three-dimensional analysis with columnar structure is also 
investigated to examine whether the two-dimensional analysis is conservative. 
It was found that in deterministic scenario, the three-dimensional result with 
columnar structure is very close to the two-dimensional counterpart. On the 
other hand, the three-dimensional random finite element analysis considering 
the positioning error show that two-dimensional random finite element 








Table 7.1. Centrifuge test details for single large diameter tunnels in improved 
soil surround (Source: Zulkefli, 2015) 





CIRC_N20_300 15 1.00 0.2 30 
CIRC_N20_304_Rep 15 1.00 0.2 30.4 
CIRC_N27_303 11 1.6 0.27 30 
CIRC_N33_300 12 1.42 0.33 30 
CIRC_N27_366 11 1.64 0.27 36 
CIRC_N33_720 12 1.42 0.33 72 
CIRC_N20_226 15 1.00 0.2 26 
CIRC_N45_220 11 1.64 0.45 24 
Note: cu1 and cu2 are undrained shear strength of untreated and treated soil, 
respectively. The undrained shear strength is half of correspondent unconfined 
compressive strength, cu=0.5qu. 
 
Table 7.2 Soil parameters for surrounding soil (After Ong, 2004) 
 Surrounding Soil 
Soil Model Modified Cam Clay 
Isotropic Compression Index, κ 0.06 
Isotropic Swelling Index, λ 0.27 
Friction Coefficient, M 1.02 
Poisson Ratio, ν’ 0.3 
Density (kN/m3) 16 
Overconsolidation Ratio (OCR) 1 
Lateral Earth Pressure Coefficient 0.6 (Jaky, 1948) 
 
Table 7.3 Parameters for deterministic parametric study  
Case D /m C /m t /m C/D t/D qu2 (kPa) 
D1 12 17 1.8 1.4 0.15 100~1600 
D2 12 17 3 1.4 0.25 100~1600 
D3 12 17 4.2 1.4 0.35 100~1600 
D4 20 28 5 1.4 0.25 100~1600 
D5 12 12 3 2.0 0.25 100~1600 
D6 12 12 3 1.0 0.25 100~1600 
D7 20 28 3 1.4 0.15 100~1600 







Table 7.4 Random Simulations with Isotropic Random Field (horizontal 
SOF=vertical SOF) 












RSLS.������RSLS−Det. 𝛿𝑅_𝑉𝑆𝑉 RULS������RULS−Det. 𝛿R_ULS Inspecting Item 
RN1 12 17 1.8 1.4 0.15 600 1 0.4 0.70 0.09 0.67 0.07 t/D 
RN2 12 17 3 1.4 0.25 600 1 0.4 0.75 0.11 0.67 0.11 Reference Case 
RN3 12 17 4.2 1.4 0.35 600 1 0.4 0.73 0.15 0.64 0.15 t/D 
RN4 20 28 5 1.4 0.25 600 1 0.4 0.72 0.12 0.68 0.13 D 
RN5 12 24 3 2 0.25 600 1 0.4 0.72 0.12 0.69 0.11 C/D 
RN6 12 17 3 1.4 0.25 450 1 0.4 0.73 0.10 0.71 0.11 Mean 
RN7 12 17 3 1.4 0.25 900 1 0.4 0.74 0.13 0.73 0.14 Mean 
RN8 12 17 3 1.4 0.25 600 1 0.25 0.9 0.06 0.81 0.08 Input COV 
RN9 12 17 3 1.4 0.25 600 1 0.55 0.64 0.12 0.58 0.12 Input COV 
Note:         qu2 – unconfined compressive strength of improved ring 
𝑅SLS. is the critical stress release ratio for serviceability limit state (corresponding to 
1% volume change); 
𝑅SLS ������ is the average value of 𝑅𝑉𝑆𝑉 for all realizations; 
𝑅SLS−Det. is the critical stress release ratio for serviceability limit state (𝑅SLS) with 
deterministic homogeneous improved ring, its strength being equal to the mean value 
of random analysis. 
𝛿R_SLS is the Output COV of 𝑅SLS. 
𝑅ULS. is the critical stress release ratio for ultimate limit state (corresponding to 5% 
out-of-balance load); 
𝑅ULS. ������� is the average value of 𝑅ULS for all realizations; 
𝑅ULS−Det. is the critical stress release ratio for ultimate limit state (𝑅ULS) with 
deterministic homogeneous improved ring, its strength being equal to the mean value 
of random analysis. 
𝛿R_ULS is the Output COV of 𝑅ULS. 
 
Table 7.5 Random Simulations with Anisotropic Random Field (horizontal 
SOF≠vertical SOF) 








SOF/t Input COV 
RSLS.������RSLS−Det. 𝛿𝑅_𝑉𝑆𝑉 RULS������RULS−Det. 𝛿𝑅_ULS 
RN10 12 17 3 1.4 0.25 600 0.375-4.5 0.4 0.80 0.05 0.72 0.07 
RN11 12 17 3 1.4 0.25 600 0.5-7.5 0.4 0.77 0.07 0.69 0.07 








Fig. 7.1 Design scheme for Marina segment of Thompson Line in Singapore. 
 
 








Fig. 7.3 Illustration of Volume Change Ratio (VCR) and Distortion. 
  
(a)      (b) 
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1.11% 1.17% 1.24% 29.8% 325% 





46% 58% 62% 69% 100% 
6 Remarks Softening occur 30% thickness soften 50% thickness soften 100% thickness soften Complete failure 
Fig. 7.7 States of the improved soil ring at different steps for a typical case 










Fig. 7.8 Stress distribution and variation for a typical case (CIRC_N20_300: 
C=17m, D=12m, t=3m) (a)Total Stress in vertical direction at different steps, 









































































Fig. 7.9 Variation of out-of-balance load and volume change ratio for a typical 
case (CIRC_N20_300: C=17m, D=12m, t=3m) (a) Out-of-balance load; (b) 



































































Fig. 7.10 Calibration of numerical model (a) illustration of critical tunnel 
support pressure (The dash line indicates the critical tunnel support pressure; 
Source: Zulkefli, 2015) (b) comparison between FEA result in this study and 






































































Fig. 7.11 Effect of strength of improved soil ring (Parameters: qu2=200~1200 































































Fig. 7.12 Yield zones (for untreated clay) and Softened zone (for improved 
soil ring) at failure  
 


















Fig. 7.14 Critical stability number Nc for ultimate limit state (a) β′ = 0; (b) 
β′ = 0.5; (c) β′ = 1.0 
 
Fig. 7.15 Critical stability number Nc for serviceability limit state 

























(c)           (d) 
 
(e) 
Fig. 7.17 Random results for a preliminary study (Geometric parameters: 
D=12 m, C/D=1.4, t/D=0.25; Statistical parameters of unconfined compressive 
strength of improved ring: Mean value=600 kPa, Input COV=0.4 and 
SOF/t=1.0) (a) Change of VCR with Stress release ratio (RSLS_Det and RSLS are 
critical stress release ratios for serviceability limit state in deterministic and 
random cases, respectively); (b) Change of out-of-balance load with Stress 
release ratio (RULS_Det and RULS are critical stress release ratios for ultimate 
limit state in deterministic and random cases, respectively); (c) Histogram of 
stress release points for serviceability limit state; (d) Histogram of stress 













































Fig. 7.18 Effect of scale of fluctuation on stress release ratio (a) Critical stress 
release ratio for ultimate limit state (Out-of-balance load=5% (black)) and 
serviceability limit state (VCR=1% (Green)), rqu is the ratio of unconfined 
compressive strength of deterministic homogeneous improved soil ring to 



































Ultimate limit state (Out-of-balance load=5%)







Fig. 7.19 Relationship between critical stress release ratio and unconfined 
compressive strength of improved surround. 
 









































Fig. 7.21 Comparison between 5th percentile of random result and equivalent 
deterministic homogeneous result with discounted strength (a) Serviceability 



















































































































































Fig. 7.23 (a) Layout of columnar structure (Darker colour implies higher 





















































































Fig. 7.25 Effect of diameter on global behaviour of improved surrounds (a) 

















Stress Release Ratio (%) 
column diameter D=1.5 m
column diameter D=1.8 m
























Stress Release Ratio (%) 
column diameter D=1.5 m
column diameter D=1.8 m









(b) Out-of-balance Load 
Fig. 7.26 Effect of column spacing on global behaviour of improved surrounds 

























































(b) out-of-balance load 
Fig. 7.27 Effect of layout on global behaviour of improved surrounds (Layout 
1- Rectangular layout; Layout 2- Triangular layout) (a) volumetric change 























































Fig. 7.28 Typical random results for a tunnel with Input COV=0.4 (a) Change 
of VCR with Stress release ratio; (b) Change of Out-of-balance load with 
















Chapter 8 Conclusions and Recommendations 
8.1 Conclusions 
The main contributions of this study are as follows, 
1) An advanced constitutive model for cement-admixed soil (Xiao et 
al., 2016) was incorporated in finite element analysis. The isotropic 
compression curve at low confining pressure was modified to consider the 
initial stiffness of cement treated soil. The model parameters were calibrated 
using test data and then the numerical model was validated with both 
analytical result and tri-axial test data. 
2) Xiao et al. (2016)’s model was randomized by relating significant 
parameters to unconfined compressive strength. The randomized Xiao et al. 
(2016)’s model was then used in a three-dimensional random finite element 
analysis (effective stress analysis) of an axially-loaded single column. The 
result was compared with a total stress analysis result calculated with the 
original Mohr-Coulomb model with zero angle of friction and Namikawa and 
Koseki (2013)’s result. A reliability-based design procedure was proposed 
based on the random result and parametric study. The design global strength 
and modulus for single column are provided based on the mean, COV and 
target failure probability. 
3) An effective stress analysis on cement-treated layer with columnar 
structure (Liu et al., 2015) was investigated using Xiao et al., (2016)’s model. 
The result calculated with Xiao et al. (2016)’s model was compared with 
result of a total stress analysis calculated using elastic-plastic model with zero 
friction angle and decreasing cohesion (Liu et al., 2015) for both deterministic 






condition, layout, column spacing and confining pressure were investigated 
for short-term (undrained) conditions. A drained analysis and a fully-coupled 
consolidation analysis were also carried out to investigate the long-term 
behaviour of slab. In random analysis, the effect of positioning error, input 
COV and time effect were investigated. A detailed reliability-based design 
guideline was proposed. The global strength and modulus for an equivalent 
homogeneous cement treated slab can be evaluated with target failure 
probability. 
4) A two-dimensional plane-strain tunnel with circular improved 
surroundings was numerically simulated to investigate the stability and 
deformation behaviour of the improved surround system. Parametric studies 
were carried out to explore the effects of the geometrical dimensions (e.g. 
inner diameter of tunnel, thickness of improved ring) and strength of the 
improved ring on stability and deformation of tunnel with improved surround. 
Based on this parametric study, a critical stability number considering the 
effect of geometrical dimensions and strength of improved surrounding was 
derived to characterize the ultimate state of the improved surround system. 
This critical stability number enables designer to strike a balance among 
various factors (e.g. strength of improved ring, inner diameter of the tunnel, 
cover depth, and thickness of the improved ring) in practical design. A two-
dimensional random finite element analysis was then performed to investigate 
the discount effect of random spatial variability on the performance of tunnel 
with improved ring. Based on the two-dimensional deterministic and random 
results, a two-step design procedure for hand calculation for both ultimate 






strength for both ultimate limit state and serviceability limit state can be 
evaluated according to dimensions, available support pressure and target 
failure probability. A three-dimensional model of tunnel with improved 
surround is also simulated. This improved surround consists of about 100 
overlapping columns. In deterministic analysis, the effect of column spacing, 
column diameter and layout are examined. In random analysis, the effect of 
positioning error is also investigated to see whether the correspondent two-
dimensional random analysis is conservative. 
 
The findings are as follows, 
Axially-loaded single column 
Existence of spatial variability significantly discounts the global 
strength of axially-loaded cement-treated column from mean unconfined 
compressive strength of cored specimens. A “worst case” may be encountered 
as SOF is close to the diameter of column. 
Usage of original Mohr Coulomb model with zero angle of friction in 
random finite element analysis of axially-loaded single column may not be 
conservative because it is not able to model softening. In the most pessimistic 
case, the mean value and 5th percentile of global strength calculated with the 
Xiao et al., (2016)’s model are 10% and 30% lower than that calculated with 
Mohr-Coulomb type model with zero angle of friction, respectively. If 5th 
percentile is used as the design value, then a mobilization factor of 70-90% is 
recommended to consider the imperfection of Mohr-Coulomb model. 






For short-term consideration (undrained condition), the mean global 
strength calculated with Xiao et al., (2016) are 10 % higher than that 
calculated with a Mohr-Coulomb type model in deterministic analysis due to 
constraint of boundary, indicating usage of Mohr-Coulomb model with zero 
angle of friction is conservative in confined slab issue. However, this 
conservativeness diminishes with increasing amount of positioning error. 
For long-term excavation, the global stress strain curves show 
monotonic hardening. This implies that excessive deformation instead of 
strength is the major concern in long-term excavation. 
Tunnel with Improved Surround 
The effect of spatial variation can be reflected in the normalized mean 
critical stress release ratios, which is the average critical stress release ratio 
from the random realization normalized by the corresponding deterministic 
value obtained based on a homogeneous improved soil ring with the average 
unconfined compressive strength.  
The geometric parameters, i.e. tunnel diameter, thickness-to-diameter 
ratio and cover-to-diameter ratio change was found to have little effect on the 
normalized mean critical stress release ratios. The input COV has an adverse 
effect on the normalized mean critical stress release ratios especially when the 
former exceeds 0.4.  
Anisotropic correlation structure (vertical scale of fluctuation larger 
than horizontal scale of fluctuation) gives higher normalized critical stress 
release ratios.  
For three-dimensional tunnel with columnar improved surround 






tunnel are almost identical to that of the two-dimensional tunnel with 
homogeneous improved surround, the strength being equal to the volumetric 
mean strength of correspondent three-dimensional tunnel. This implies that in 
deterministic scenario, the treated ring with columnar structure can be well 
represented by a homogeneous counterpart. The triangular layout is more 
stable and cause less deformation than rectangular layout with the same 
number of column per unit plan area. When random spatial variability is 
considered (positioning error and random fluctuation), the discount effect of 
spatial variability (radial trend, random fluctuation and positioning error) on 
the correspondent deterministic global behaviour was not as significant as that 
in 2D random analysis. This shows that for the tunnel with improved surround, 
the 2D analysis is generally on the conservative side. 
Summary of Design Factors for Different Cases 
In this study, the RFEA was applied on three different cases, i.e. 
axially-loaded single column, laterally-loaded cement treated slab and large 
diameter tunnel with improved surround. The design guidelines were proposed 
for these cases in the form of design factor α (see Fig. 5.9, Fig. 6.16 and Fig. 
7.20). When the same failure probability is chosen (usually 5%, Eurocode, 
CEN, 2002), the ranges of design factors and correspondent reduction factor 
on mean cored strength for axially-loaded single-column, treated slab and 
tunnel with improved surround are listed in Table 8.1. As can be observed, 
when 5% failure probability is chosen, the design factors differs from case to 
case depending on the boundary conditions. This shows that different design 
values should be taken according to the boundary condition even if the similar 






when the same failure probability level is chosen, the design factor for single 
column is higher than that of treated slab and tunnel with improved surround. 
This can be partially explained by the fact that, the whole treated ground (in 
laterally-loaded slab or tunnel with improved surround) can still work even if 
several columns fail. 
8.2 Recommendation on Future Work 
The recommendations for future work are as follows 
1) An extensive study with coupled consolidation analysis is 
recommended in future work. This study is mainly focused on undrained 
behaviour of cement-admixed. However, in reality, the condition of cement-
admixed soil is between drained and undrained depending on the permeability 
and excavation period. Therefore coupled consolidation analysis considering 
the effect of time is needed. Currently, the coupled consolidation analysis is 
only conducted on reference cases in slab issue to investigate the effect of 
local drainage inside the slab. In future work, an extensive parametric study on 
time effect is recommended for both treated slab and tunnel with improved 
surround. This allows engineers to gain more insight into the short-term and 
long-term behaviour of cement-treated components. 
2) It is recommended that the tunnel with improved surrounding with 
inclined columns should be considered in future work. In current work, it is 
assumed that the columns are all upright and the positioning error stays the 
same at different depth. In reality, the columns are tilted and this makes the 
positioning error amplified at deeper depth. Since the positioning error 
increases from crown to invert, it is likely that the lower part of the improved 






whether this would pose an adverse effect on the overall stability of tunnel 
with improved ring. 
3) In real excavation work, the improved soil layer is subjected to both 
lateral and vertical loads due to swelling or upheaval of underlying soft soil. It 
is not clear whether the proposed design procedure is still on conservative side 
when vertical loads (bending) is considered. Therefore it is recommended to 
study the effect of vertical loading. 
4) Fibre reinforced cement-admixed soil may also be modeled in future 
work. Data from very recent tests (Ng, 2016) show that the fibre reinforced 
cement-admixed soil has a similar yield locus with unreinforced cement-
admixed soil while the main improvement occurs during the post-peak stage. 
Therefore, it is possible to use the same constitutive framework while 
changing the parameters of destructuration law to model the behaviour of fibre 
reinforced cement-admixed soil.  
5) Optimized ground treatment. The current practice usually involves 
monolithic ground treatment for both cement treated slab and large diameter 
tunnel with improved surround to prevent collapse and excessive wall 
movement or ground settlement. This may lead to heavy investment in this 
part of project. Therefore, it is recommended to conduct an optimization study 
on the slabs and improved surround. For example, for the slab problem, a 
selective improvement of certain zones (Fig. 8.1) of cement treated slab may 







Table 8.1 Comparison of Design Factors and Reduction Factor on Mean Core 









Design Factor α 0.4-2.0 0.4-1.8 1.3 
Reduction Factor on 
Mean Cored 
Strength 
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